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RELATIVE LOG CONVERGENT COHOMOLOGY AND
RELATIVE RIGID COHOMOLOGY I
ATSUSHI SHIHO
Abstract. In this paper, we develop the theory of relative log convergent cohomology.
We prove the coherence of relative log convergent cohomology in certain case by using
the comparison theorem between relative log convergent cohomlogy and relative log
crystalline cohomology, and we relates relative log convergent cohomology to relative
rigid cohomology to show the validity of Berthelot’s conjecture on the coherence and the
overconvergence of relative rigid cohomology for proper smooth families when they admit
nice proper log smooth compactification to which the coefficient extends logarithmically.
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Introduction
Let k be a perfect field of characteristic p > 0 and let V be a complete discrete valuation
ring of mixed characteristic with residue field k. For a scheme X of finite type over
k, theory of convergent cohomology of X over V is developped in [O1] and [O2]. In
[O2], Ogus proved two comparison theorems concerning convergent cohomology: One is
the comparison theorem between convergent cohomology and crystalline cohomology for
smooth schemes over k and the other one is the comparison theorem between convergent
cohomology and rigid cohomology for proper smooth schemes over k. As a consequence,
he deduced the finiteness of rigid cohomology for proper smooth schemes over k with
coefficient (which is an overconvergent isocrystal).
The theory of convergent cohomology is extended to the case of log schemes in [O3], [S1],
[S2]. In the paper [S2], we proved the comparison between log convergent cohomology and
log crystalline cohomology for log smooth log schemes over k and the comparison between
log convergent cohomology and rigid cohomology for proper log smooth log schemes over
k under certain condition on coefficients. As a consequence, we proved the finiteness of
rigid cohomology of a smooth k-scheme X with coefficient E (which is an overconvergent
Mathematics Subject Classification (2000): 14F30.
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F -isocrystal) when X admits a proper log smooth compactification to which E extends
logarithmically. (Note that, soon after the paper [S2] appeared, the finiteness of rigid
cohomology with coefficient is proved without any assumption by Kedlaya [Ke2]. However,
we think that the approach in [S2] is still interesting. Recently Kedlaya has given a proof
of a conjecture proposed in [S2], which also implies the finiteness of rigid cohomology in
general case. See [Ke3] and his subsequent papers for detail.)
The purpose of this paper is to develop the theory of log convergent cohomology in
relative situation. (We also remark here that the field k in the main body of this paper
is not necessarily perfect before the Frobenius structure comes in.) We prove the com-
parison theorem between relative log convergent cohomology and relative log crystalline
cohomlogy and then we relates relative log convergent cohomology to the relative rigid
cohomology (defined in [C-T], see also [Be2]). As a consequence of the former result, we
deduce the coherence and the log convergence of the relative log convergent cohomology
in certain case and by combining it with the latter result, we deduce the coherence and
the overconvergence of relative rigid cohomology for proper smooth families when they
admit nice proper log smooth compactification to which the coefficient (which is an over-
convergent isocrystal) extends logarithmically. Note that, in relative situation, we need
to develop the theory of ‘log’ convergent cohomology even to treat only proper smooth
families because we will need ‘log structure along boundary’ of the given family to prove
the coherence and the overconvergence.
The coherence and the overconvergence of relative rigid cohomology for proper smooth
families is conjectured by Berthelot ([Be2], see also [Ts2]). (However, we would like to
note that we can formulate the conjecture in several ways. For the discussion on the
statement of the conjecture, see Section 5.) Our result gives an affirmative answer to
a version of this conjecture under certain assumption. This conjecture of Berthelot has
been known in the case when the given family lifts to proper smooth families of formal
schemes ([Be2], [Ts2]) and in the case where a given family is a family of abelian varieties
and the coefficient is trivial ([E]). There is also an result ([M-Tr]) treating the case when
the base scheme of the family is a smooth curve and the coefficient is trivial, whose proof
depends on an unpublished result of Kedlaya ([Ke1, 6.1]). A weaker conjecture (generic
coherence and generic overconvergence) is known in the case of proper smooth families of
curves ([Ts2]). Our result seems to be applicable to many cases where the given family is
not necessarily liftable (after any etale base change) to a family of formal schemes.
Let us explain the content of this paper in more detail. In Section 1, we give a review of
the relative log crystalline cohomology (defined in [Ka]) and prove the finiteness and the
base change property of it for proper log smooth integral morphisms which are slightly
stronger than the known results in the literature. In Section 2, we give the definition
and basic properties of relative log convergent cohomology and we prove the relative
version of log convergent Poincare´ lemma and the comparison theorem with relative log
crystalline cohomology for log smooth morphisms. Some of the results in this section are
also considered in [N-S]. Although the proofs are basically the same as the absolute case
(given in [S2, Chapter 2]), we give (a sketch of) proofs by two reasons: One is for the
completeness of this paper and the other is to point out that some parts of the proofs
in [S1], [S2] can be generalized and simplified. In particular, in this paper, there are no
assumptions in the statement of theorems which require the log schemes to be ‘of Zariski
type’ (for definition, see [S2, 1.1.1]). We also give correction to some errors in [S2]. In
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Section 3, we prove the finiteness and the base change property of relative log convergent
cohomology for proper log smooth integral morphisms ‘having log smooth parameter’ (for
definition, see Definition 3.4). We prove it by using the comparison theorem with relative
log crystalline cohomology proved in the previous section, but we need a little argument
here, because relative log crystalline cohomology is defined only in the case where the
base log scheme admits a PD-closed immersion into a log (formal) scheme, while we do
not need PD-structure in the case of relative log convergent cohomology. In Section
4, we introduce an analytic variant of relative log convergent cohomology (which we call
relative log analytic cohomology) and compare it with relative log convergent cohomology
for proper log smooth integral morphisms having log smooth paramter. In relative case,
relative log analytic cohomology is a sheaf of certain rigid analytic space, while relative
log convergent cohomology is a sheaf on certain formal scheme. We prove that the latter
is nothing but the specialization of the former in appropriate situation. From this result,
we deduce the coherence and the log convergence of relative log analytic cohomology.
In Section 5, after giving a review of relative rigid cohomology (defined in [C-T]), we
prove the comparison theorem between relative log analytic cohomology and relative rigid
cohomology for proper log smooth integral morphisms having log smooth parameter. This
implies the coherence and the overconvergence of relative rigid cohomology for proper
smooth families when they admit a proper log smooth integral compactification having
log smooth parameter to which the given coefficient (which is an overconvergent isocrystal)
extends logarithmically.
We plan to write the following topics in forthcoming papers: First, we plan to establish
variants of relative log convergent cohomology and relative rigid cohomology to prove (a
version of) Berthelot’s conjecture in general case. Second, we plan to discuss on the generic
coherence and the generic overconvergence of relative rigid cohomology for non-smooth,
non-proper families.
The author would like to thank Pierre Berthelot for pointing out first that the construc-
tion of log tubular neighborhood in [S2] can be done without ‘of Zariski type’ hypothesis.
He would like to thank Bruno Chiarellotto and Marianna Fornasiero for pointing out the
same thing: Discussion with them on their paper [C-F] was helpful also to him. He would
like to thank to Yukiyoshi Nakkajima for allowing him to include some results which have
overlaps with the joint work [N-S] in this paper. He would like to thank to Kazuya Kato
for inviting him to give a talk at a conference held at Kyoto University, and to Nobuo
Tsuzuki and Makoto Matsumoto for inviting him to give a talk at a conference held at
Hiroshima University. The author is partly supported by Grant-in-Aid for Young Scien-
tists (B), the Ministry of Education, Culture, Sports, Science and Technology of Japan,
and JSPS Core-to-Core program 18005 whose representative is Makoto Matsumoto.
Convention
(1) Throughout this paper, k is a field of characteristic p > 0, W is a fixed Cohen ring
of k and K is the fraction field of W . We fix a p-adic fine log formal scheme (B,MB)
separated and topologically of finite type over SpfW as a base log formal scheme. (Note
that B is Noetherian.) We denote the scheme (B,MB)⊗Zp Z/pZ by (B,MB). We denote
the category of fine log (not necessarily p-adic) formal schemes which are separated and
topologically of finite type over (B,MB) by (LFS/B) and denote the full subcategory of
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(LFS/B) which consists of p-adic ones by (pLFS/B). We denote the full subcategory of
(LFS/B) which consists of usual fine log schemes by (LS/B) and the full subcategory
which consists of fine log schemes over (B,MB) by (LS/B). We call an object in (LFS/B)
a fine log formal B-scheme, an object in (pLFS/B) a p-adic fine log formal B-scheme,
an object in (LS/B) a fine log B-scheme and an object in (LS/B) a fine log B-scheme.
(When log structure is trivial, we omit the term ‘fine log’.) Note that, in Section 5, we
will impose more assumptions on B.
(2) For a formal B-scheme T , we denote the rigid analytic space assocated to T by TK .
(3) In this paper, we freely use terminologies concerning log structures defined in [Ka],
[S1] and [S2]. For a fine log (formal) scheme (X,MX), (X,MX)triv denotes the maximal
open sub (formal) scheme of X on which the log structure MX is trivial. A morphism
f : (X,MX) −→ (Y,MY ) is said to be strict if f
∗MY =MX holds.
(4) For a site S, we denote the topos associated to S by S∼.
(5) Fiber products of log formal schemes are completed unless otherwise stated. On the
other hand, the completed tensor product of topological modules are denoted by ⊗ˆ to
distinguish with the usual tensor product ⊗.
1. Relative log crystalline cohomology
In this section, first we give a review of the definition and the basic properties of log
crystalline site and log crystalline cohomology (which are defined by Kato [Ka]) and then
we prove the finiteness and base change property of log crystalline cohomology when
the coefficient is a locally free isocrystal. In the case where the coefficient is an isocrystal
which comes from a locally free crystal, corresponding results are deduced from the results
of Kato [Ka] (the log version of the results of Berthelot [Be1]) fairly easily, but the results
here are slightly stronger than them since a locally free isocrystal does not necessarily
come from a locally free crystal. After that, we define the relative version of HPD-
(iso)stratification (which are introduced in [S1, 4.3.1] in the absolute case) and prove a
relation with (iso)crystals.
First we fix the notation concerning localization of categories and (system of) sheaves
on p-adic formal schemes.
Definition 1.1. For an additive category C, let us define the category CQ in the following
way: An object of CQ is the same as that of C and the set of homomorphisms is defined by
HomCQ(X, Y ) := Q⊗Z HomC(X, Y ).
When we regard an object X in C as an object in CQ, we denote it by Q⊗X.
Definition 1.2. (1) Let T be a p-adic formal scheme and let Tn be the closed sub-
scheme of T defined by pnOT . Then we define the category M(T ) as the category
of projective systems (Mn)n, where Mn is an OTn-module of finite presentation
satisfying Mn+1 ⊗OTn+1 OTn = Mn.
(2) Let T be a Noetherian p-adic formal scheme. Then we denote the category of co-
herent sheaves of OT -modules by Coh(OT ) and let Coh(Q ⊗ OT ) be the category
of sheaves of Q ⊗Z OT -modules on T which is isomorphic to Q ⊗Z F for some
F ∈ Coh(OT ). We call an object of Coh(Q⊗OT ) an isocoherent sheaf on T .
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For a p-adic formal B-scheme T , it is known ([Gr-D1, 10.10.3], [O1, 1.2]) that there are
canonical equivalences of categories M(T ) = Coh(OT ),Coh(Q⊗OT ) = Coh(OT )Q. So we
have M(T )Q = Coh(Q⊗OT ).
Remark 1.3. In [S1, §4.3], we used the category Coh(Q⊗OT ) for non-Noetherian T at
some points, but this is not correct: We should have used the category M(T )Q instead.
For this reason, we will correct some of the arguments in [S1, §4.3] in Definition 1.21 –
Proposition 1.24 below.
Now we recall the definition of log crystalline site and relative log crystalline cohomol-
ogy. Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY),(1.1)
where f is a morphism in (LS/B), (Y ,MY) is an object in (pLFS/B) and ι is the exact
closed immersion defined by pOY . Denote the canonical PD-structure on pOY by γ. (Note
that (LS/B) is a subcategory of (pLFS/B). So we allow the case where (Y ,MY) is a fine
log B-scheme.)
Definition 1.4. With the above notation, we define the log crystalline site (X/Y)logcrys of
(X,MX)/(Y ,MY) as follows: An object is T := ((U,MU), (T,MT ), i, δ), where (U,MU)
is a fine log scheme strict etale over (X,MX) and (T,MT ) is a fine log scheme over
(Y ,MY) ⊗Zp Z/p
nZ for some n. i : (U,MU) →֒ (T,MT ) is an exact closed immersion
over (Y ,MY) and δ is a PD-structure on Ker(OT → OU ) which is compatible with γ.
The morphism is defined in natural way and the coverings are the ones induced from etale
coverings of T . We denote the sheaf on (X/Y)logcrys defined by T 7→ Γ(T,OT ) by OX/Y .
We denote the right derived functor (resp. the q-th right derived functor) of the functor
(X/Y)log,∼crys −→ Y
∼
Zar; F 7→ (U 7→ Γ((X ×Y U/U)
log
crys,F))
by RfX/Y ,crys∗F (resp. RqfX/Y ,crys∗F). We call RqfX/Y ,crys∗E the q-th relative log crys-
talline cohomology of (X,MX)/(Y ,MY) with coefficient F .
Remark 1.5. The q-th relative log crystalline cohomology defined above is usually called
the q-th log crystalline cohomology. We put the word ‘relative’ just to emphasize that Y
is not necessarily equal to SpfW .
Remark 1.6. RfX/Y ,crys∗F (resp. R
qfX/Y ,crys∗F) is usually denoted by RfX/Y ,∗F (resp.
RqfX/Y ,∗F). However, we decided to put the subscript ‘crys’ in this paper because we
treat many other relative cohomology theories later in this paper.
Remark 1.7. Let (X(•),MX(•)) (• ∈ Λ) be a diagram (indexed by a small category
Λ) of fine log B-schemes over (Y,MY ). Then we can define the log crystalline topos
(X(•)/Y)log,∼crys of (X
(•),MX(•))/(Y ,MY) as the topos associated to the diagram of topoi
{(X(λ)/Y)log,∼crys }λ∈Λ. (see [SD], [Be1, V.3.4].)
Next we recall the notion of (iso)crystals:
Definition 1.8. Let the notation be as in Definition 1.4.
(1) A sheaf F of OX/Y -modules on (X/Y)
log
crys is called a crystal if, for any morphism
ϕ : T ′ −→ T in (X/Y)logcrys, the canonical homomorphism of sheaves ϕ
∗FT −→ FT ′
is an isomorphism. (Here FT ,FT ′ denotes the sheaf on TZar, T ′Zar induced by F .)
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(2) A crystal F is said to be of finite presentation (resp. locally free of finite type)
if FT is an OT -module of finite presentation (resp. a locally free OT -module of
finite type) for any T ∈ (X/Y)logcrys. We denote the category of crystals of finite
presentation on (X/Y)logcrys by Ccrys((X/Y)
log).
(3) A category of isocrystals Icrys((X/Y)log) on (X/Y)logcrys is defined to be the category
Ccrys((X/Y)log)Q.
(4) For E = Q⊗F ∈ Icrys((X/Y)log), we put
RfX/Y ,crys∗E := Q⊗Z RfX/Y ,crys∗F , R
qfX/Y ,crys∗E := Q⊗Z R
qfX/Y ,crys∗F
and we call RqfX/Y ,crys∗E the q-th relative log crystalline cohomology of (X,MX)/
(Y ,MY) with coefficient E .
Next we define the notion of local freeness of isocrystals. To do this, first we define the
notion of local freeness in the category M(T )Q.
Definition 1.9. Let T be a p-adic formal scheme. Then M ∈ M(T )Q is called locally free
if M is isomorphic to a direct summand of Q ⊗ (O⊕rTn )n (where Tn := T ⊗Zp Z/p
nZ) for
some r ∈ N Zariski locally on T . When T is a p-adic formal B-scheme, we say an object
M in Coh(Q ⊗OT ) a locally free Q⊗Z OT -module if the corresponding object in M(T )Q
is locally free.
Remark 1.10. When T is an affine p-adic formal B-scheme, M ∈ Coh(Q⊗OT ) is locally
free if and only if it is associated to a finitely generated projective Q⊗ Γ(T,OT )-module.
Contrary to the name, a locally free Q⊗Z OT -module in the sense of Definition 1.9 does
not necessarily has the form Q⊗ZO
⊕r
T Zariski locally on T . M ∈ Coh(Q⊗OT ) is a locally
free Q⊗ZOT -module if and only if the corresponding coherent sheaf on the rigid analytic
space TK is a locally free OTK -module with respect to the Grothendieck topology on TK .
Next we define the notion of a p-adic system in (X/Y)logcrys as follows:
Definition 1.11. Let the notation be as above. A projective system of objects in (X/Y)logcrys
of the form {((U,MU), (Tn,MTn), in, δn)}n is called a p-adic system in (X/Y)
log
crys if (T,MT )
:= lim−→ n(Tn,MTn) is a p-adic fine log formal B-scheme satisfying (T,MT ) ⊗Zp Z/p
nZ
= (Tn,MTn).
Let F be a crystal of finite type on (X/Y)logcrys and let T := {((U,MU), (Tn,MTn), in,
δn)}n be a p-adic system in (X/Y)
log
crys. Then (FTn)n forms an object in M(T ), which we
denote by FT . So, for an isocrystal E := Q ⊗ F on (X/Y)
log
crys and a p-adic system T in
(X/Y)logcrys, we can associate the object Q⊗ FT in M(T )Q, which we denote by ET .
Definition 1.12. An isocrystal E = Q⊗F is called locally free if, for any p-adic system
T := {((U,MU), (Tn,MTn), in, δn)}n in (X/Y)
log
crys, ET ∈ M(T )Q is locally free in the sense
of Definition 1.9.
Remark 1.13. In the previous papers [S1], [S2], M ∈ Coh(Q⊗OT ) is called locally free
if it has the form Q⊗Z O
⊕r
T Zariski locally on T and an isocrystal E is called locally free
if each ET has the form Q⊗Z OT Zariski locally on T . But these definition are not good
for this paper because the imposed condition is too strong. So we change the definition
here.
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Remark 1.14. If F is a locally free crystal of finite type, then E = Q ⊗ F is a locally
free isocrystal. However, we do not know if, for a locally free isocrystal E , there exists a
locally free crystal of finite type F satisfying E ∼= Q⊗F . We are doubtful for this claim.
In the rest of this section, for a p-adic formal log scheme (S,MS), we denote the log
scheme (S,MS) ⊗Zp Z/p
nZ by (Sn,MSn). Now we recall several basic properties of log
crystalline site and relative log crystalline cohomology.
Assume we are given the diagram (1.1) and assume for the moment that (X,MX)
admits a closed immersion (X,MX) →֒ (P,MP) into a p-adic fine log formal B-scheme
which is formally log smooth over (Y ,MY). Let (D,MD) be the p-adically completed
log PD-envelope of (X,MX) in (P,MP). Let MCn be the category of ODn-modules of
finite type with integrable quasi-nilpotent (in the sense of [O4, p.19]) log connection on
(Pn,MPn)/(Yn,MYn) which is compatible with the canonical connection on ODn , and
let MC be the category of projective systems {(Mn,∇n)}n of objects in MCn such that
(Mn+1,∇n+1) ⊗Z/pn+1Z Z/p
nZ = (Mn,∇n) holds. Then we have an equivalence of cate-
gories ([Ka, 6.2]) of the following form:
Ccrys((X/Y)
log) ∼= MC, F 7→ {(FDn,∇n : FDn → FDn ⊗OPn ω
1
Pn/Yn)}n.
(1.2)
If we have (D,MD) = (P,MP) (this is the case when we have (P,MP)×(Y ,MY) (Y,MY ) =
(X,MX)), we have the equivalence of categories
MC ∼=
(
coherent sheaves with quasi-nilpotent integrable
formal log connection on (P,MP)/(Y ,MY)
)
,(1.3)
which is given by {(Mn,∇n)}n 7→ (lim←− nMn, lim←− n∇n). Note that ∇n : FDn → FDn ⊗OPn
ω1Pn/Yn naturally extends to the complex of the form FDn⊗OPn ω
•
Pn/Yn
which is compatible
with respect to n. We define the log de Rham complex DR(X/Y ,F) associated to F as
the complex lim←− n(FDn ⊗OPn ω
•
Pn/Yn
). Then, by [Ka, 6.4] (see also [S2, 3.1.4]), we have
DR(D/Y ,F) = Ru˜∗F (where u˜ : (X/Y)log,∼crys −→ X
∼
Zar is the projection). Then we have
the quasi-isomorphism RfX/Y ,crys∗F = Rf∗DR(D/Y ,F). For an isocrystal E = Q ⊗ F
on (X/Y)logcrys, we define the log de Rham complex DR(D/Y , E) by DR(D/Y , E) := Q⊗Z
DR(D/Y ,F). So we have the quasi-isomorphism RfX/Y ,crys∗E = Rf∗DR(D/Y , E).
Even if (X,MX) does not admit the closed immersion (X,MX) →֒ (P,MP) as above,
we always have an embedding system ([H-Ka, 2.18])
(X,MX)
g(•)
←− (X(•),MX(•)) →֒ (P
(•),MP(•)).(1.4)
For any abelian sheaf F in (X/Y)log,∼crys , let us denote the pull-back of F to (X
(•)/Y)log,∼crys
by F (•). Then we have the quasi-isomorphism (called cohomological descent) F
∼=−→
Rg
(•)
∗ F (•), where the morphism of topoi (X(•)/Y)log,∼crys −→ (X/Y)
log,∼
crys is also denoted by
g(•). Hence, for a crystal F on (X/Y)logcrys, we have
RfX/Y ,crys∗F = RfX(•)/Y ,crys∗F
(•) = R(f ◦ g(•))∗DR(D
(•)/Y ,F (•)),(1.5)
where (D(•),MD(•)) denotes the p-adically completed log PD envelope of (X
(•),MX(•)) in
(P(•),MP(•)). The same formula holds also in the case of isocrystals.
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We recall another construction which induces the formula like (1.5). Assume given a dia-
gram (1.1) with f log smooth. Then, by [Ka, 3.14], we have an open covering X =
⋃
j∈J Xj
by finite number of affine subschemes and exact closed immersions ij : (Xj,MXj ) :=
(Xj,MX |Xj) →֒ (Pj ,MPj ) (j ∈ J) into a fine log formal B-scheme (Pj ,MPj ) formally
log smooth over (Y ,MY) such that Pj is affine and that (Pj,MPj ) ×(Y ,MY) (Y,MY ) =
(Xj,MX |Xj) holds. For a non-empty subset L ⊆ J , let (XL,MXL) (resp. (PL,MPL))
be the fiber product of (Xj,MXj )’s (resp. (Pj ,MPj )’s) for j ∈ L over (X,MX) (resp.
(Y ,MY)), and let iL : (XL,MXL) →֒ (PL,MPL) be the closed immersion induced by
ij ’s (j ∈ L). For m ∈ N, let (X(m),MX(m)) (resp. (P
(m),MP(m))) be the disjoint
union of (XL,MXL)’s (resp. (PL,MPL)’s) for L ⊆ J with |L| = m + 1, and let i
(m) :
(X(m),MX(m)) →֒ (P
(m),MP(m)) be the disjoint union of iL’s with |L| = m+1. (Note that
X(m) is empty for m ≥ |J | =: N + 1.) Now let ∆+N be the category such that the objects
are the sets [m] := {0, 1, 2, · · · , m} with 0 ≤ m ≤ N and that Hom∆+N
([m], [m′]) is the set
of strictly increasing maps [m] → [m′]. Then, if we fix a total order on J , we can regard
(X(•),MX(•)) := {(X
(m),MX(m))}0≤m≤N (resp. (P
(•),MP(•)) := {(P
(m),MP(m))}0≤m≤N )
naturally as a diagram of fine log B-schemes (resp. fine log formal B-schemes) in-
dexed by ∆+N in the following way: To each [m] ∈ ∆
+
N , we associate the fine log B-
scheme (X(m),MX(m)) (resp. fine log formal B-scheme (P
(m),MP(m))). For a morphism
α : [m′] → [m] in ∆+N and a subset L ⊆ J with |L| = m + 1, we define the subset
L′α ⊆ L to be the inverse image of α([m
′]) by the unique order-preserving isomorphism
L
≃
→ [m], where the order on [m] is the canonical one. Then we define the morphism
α∗ : (X(m),MX(m)) −→ (X
(m′),MX(m′)) (resp. α
∗ : (P(m),MP(m)) −→ (P
(m′),MP(m′))) as
the composite
(X(m),MX(m)) =
∐
L⊆J,|L|=m+1
(XL,MXL)
∐
prL′α⊆L−→
∐
L⊆J,|L|=m′+1
(XL,MXL) = (X
(m′),MX(m′))
(resp. (P(m),MP(m)) =
∐
L⊆J,|L|=m+1
(PL,MPL)∐
prL′α⊆L−→
∐
L⊆J,|L|=m′+1
(PL,MPL) = (P
(m′),MP(m′)) ),
where
prL′α⊆L : (XL,MXL) =
∏
j∈L,(X,MX)
(Xj ,MXj) −→
∏
j∈L′α,(X,MX)
(Xj,MXj ) = (XL′α ,MXL′α
)
(resp. prL′α⊆L : (PL,MPL) =
∏
j∈L,(Y ,MY)
(Pj,MPj ) −→
∏
j∈L′α,(Y ,MY)
(Pj,MPj ) = (PL′α,MPL′α
))
is the projection associated to the inclusion L′α ⊆ L. Then we have a canonical diagram
(X,MX)
g(•)
←− (X(•),MX(•)) →֒ (P
(•),MP(•))(1.6)
over (Y ,MY) and by [Be1, V 3.4.8], we have again the formula
RfX/Y ,crys∗F = RfX(•)/Y ,crys∗F
(•) = R(f ◦ g(•))∗DR(D
(•)/Y ,F (•)),(1.7)
where the notations are as in (1.5). The formula (1.7) has the advantage that the right
hand side has only finitely many terms.
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Keep the situation of the diagram 1.1 with f log smooth. Then, locally on X , we have
an exact closed immersion (X,MX) →֒ (P,MP) into a p-adic fine log formal B-scheme
(P,MP) formally smooth over (Y ,MY) satisfying (P,MP) ×(Y ,MY) (Y,MY ) = (X,MX).
Then we have equivalences of categories (1.2), (1.3). Hence Ccrys((X/Y)log) is an abelian
category locally on X , because so is the right hand side in (1.3). Since Ccrys((X/Y)log)
satisfies the descent property for Zariski covering of X , this implies that Ccrys((X/Y)log)
is an abelian category globally.
Now we prove a finiteness property of relative log crystalline cohomology when the
coefficient is a locally free isocrystal:
Theorem 1.15. Assume given a diagram (1.1) and assume moreover that f is proper and
log smooth. Then, for an isocrystal E , the relative log crystalline cohomology RqfX/Y ,crys∗E
is an isocoherent sheaf on Y for any q ∈ N and it is zero for sufficiently large q.
Theorem 1.16. With the above notation, assume that E is a locally free isocrystal and
assume moreover that either f is integral or Y is regular. Then RfX/Y ,crys∗E is a perfect
complex of Q⊗ZOY-modules, that is, it is quasi-isomorphic to a bounded complex of locally
free Q⊗Z OY-modules (in the sense of Definition 1.9) Zariski locally on Y.
Remark 1.17. When E has the form Q ⊗ F for a locally free crystal F of finite type,
Theorems 1.15 and 1.16 are known by [Be-O, 7.24.3].
Proof of Theorem 1.15. To prove the theorem, we may assume that Y is affine. Let Y ′
be the closed subscheme of Y defined by the ideal {x ∈ OY | p
nx = 0 for some n > 0},
let (X ′,MX′) −→ (Y ′,MY ′) →֒ (Y ′,MY |Y ′) be the base change of the diagram (1.1)
by the exact closed immersion (Y ′,MY |Y ′) →֒ (Y ,MY) and let E ′ be the pull-back of E
to (X ′/Y ′)logcrys. Then, by using a variant of (1.5) for isocrystals, we can see the quasi-
isomorphism RfX/Y ,crys∗E = i∗RfX′/Y ′,crys∗E
′, where i denotes the closed immersion Y ′ →֒
Y . Noting the fact that i∗ induces the equivalence of categories Coh(Q⊗OY ′) ∼= Coh(Q⊗
OY), we see that we may replace Y by Y
′ to prove the theorem. So we may assume that
OY has no p-torsion.
Let us take a diagram
(X,MX)
g(•)
←− (X(•),MX(•)) →֒ (P
(•),MP(•))
as (1.6) and take a crystal F of finite presentation on (X/Y)logcrys satisfying E = Q ⊗ F .
Then F induces an object FP(0) in M(P
(0)) = Coh(OP(0)). Since P
(0) is Noetherian, there
exists a natural number a satisfying
{x ∈ FP(0) | p
nx = 0 for some n} = {x ∈ FP(0) | p
ax = 0}.
Then let us put F ′ := Coker(Ker(pa : F → F) →֒ F), where cokernel and kernel are
taken in the category Ccrys((X/Y)log). Then, by using the equivalences of categories (1.2)
and (1.3), we have
F ′P(0) = FP(0)/{x ∈ FP(0) | p
ax = 0} = FP(0)/{x ∈ FP(0) | p
nx = 0 for some n}.
Since we have Q ⊗ F ∼= Q ⊗ F ′, we may replace F by F ′, that is, we may assume that
FP(0) has no p-torsion.
Let us denote the restriction of F to (X/Yn)log,∼crys by Fn and the restriction of Fn to
(X(•)/Yn)log,∼crys by F
(•)
n . For m ∈ N, take the open immersion P
(0,m) →֒ P(0) of fine log
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formal B-schemes satisfying P(0,m) ×P(0) X
(0) = X(m). Then F (m)n induces the log de
Rham complex DR(P(0,m)n /Yn,F
(m)
n ). It is compatible with respect to n and we have the
quasi-isomorphism
RfX(m)/Yn,crys∗F
(m)
n = R(f ◦ g
(m))∗DR(P
(0,m)
n /Yn,F
(m)
n ) = (f ◦ g
(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )
(1.8)
which is also compatible with respect to n. (Note however that the above quasi-
isomorphism is not compatible with respect to m.)
Now we prove the following claim:
claim. Let the notation be as above. Then:
(1) We have the canonical quasi-isomorphism
(RfX/Yn,crys∗Fn)⊗
L
OYn
OYn−1
∼=−→ RfX/Yn−1,crys∗Fn−1.
(2) We have the distinguished triangle
RfX/Y,crys∗F
pn−1
−→ RfX/Yn,crys∗F −→ RfX/Yn−1,crys∗Fn−1
+1
−→ .
Proof of claim. First we prove (1). The construction of the map is standard and we omit
it. To prove that the map is a quasi-isomorphism, we may replace X,F by X(•),F (•) by
the first equality in (1.7) and then by X(m),F (m). So, by (1.8), we are reduced to showing
that the map
(f ◦ g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )⊗
L
OYn
OYn−1 −→ (f ◦ g
(m))∗DR(P
(0,m)
n−1 /Yn−1,F
(m)
n−1)
(1.9)
is a quasi-isomorphism. Since OY has no p-torsion, it is flat over Zp. So OYn is flat over
Z/pnZ and it implies the quasi-isomorphism
(f ◦g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )⊗
L
OYn
OYn−1 = (f ◦g
(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )⊗
L
Z/pnZZ/p
n−1Z.
Next, since FP(0) has no p-torsion, (f ◦ g
(m))∗F
(m)
P
(0,m)
n
is flat over Z/pnZ. So the each term
of (f ◦ g(m))∗DR(P(0,m)n /Yn,Fn) is flat over Z/p
nZ and then we have
(f ◦ g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )⊗
L
Z/pnZ Z/p
n−1Z
= (f ◦ g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )⊗Z/pnZ Z/p
n−1Z
= (f ◦ g(m))∗DR(P
(0,m)
n−1 /Yn−1,F
(m)
n−1).
So the map (1.9) is a quasi-isomorphism and we have proved the assertion (1).
Next we prove (2). We can construct the first two maps easily, by using (1.5). To prove
the assertion, we may replace X,F by X(m),F (m) as in the proof of (1). Then we are
reduced to showing the existence of the distinguished triangle of the form
(f ◦ g(m))∗DR(P
(0,m)
1 /Y,F
(m)
1 )
pn−1
−→ (f ◦ g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )
−→ (f ◦ g(m))∗DR(P
(0,m)
n−1 /Yn−1,F
(m)
n−1)
+1
−→ .
We can construct this trangle by applying (f ◦ g(m))∗DR(P(0,m)n /Yn,F
(m)
n )⊗
L
Z/pnZ to the
triangle Z/pZ
pn−1
−→ Z/pnZ −→ Z/pn−1Z
+1
−→, since (f ◦ g(m))∗F
(m)
P
(0,m)
n
is flat over Z/pnZ.
So we have proved the assertion (2). 
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By claim (2) and induction, we see that RfX/Yn,crys∗Fn is bounded and it has finitely
generated cohomologies for any n. (Note that, in the case n = 1, we have RfX/Y,crys∗F =
Rf∗DR(X/Y,FX). So it is bounded and it has finitely generated cohomologies since
f is proper.) By this and claim (1), we see that the family {RfX/Yn,crys∗Fn}n forms
a consistent system in the sense of [Be-O, B.4]. Hence, by [Be-O, B.9], we see that
RfX/Y ,crys∗F = R lim←−RfX/Yn,crys∗Fn is bounded above (hence bounded) and has finitely
generated cohomologies. Hence RfX/Y ,crys∗E is bounded and has isocoherent cohomologies.
So we are done. 
Proof of Theorem 1.16. First let us consider the case Y is regular. We may assume that
Y is affine. In this case, RfX/Y,crys∗F = Rf∗DR(X/Y,FX) is a bounded complex of
quasi-coherent OY -modules with coherent cohomologies. So it is quasi-isomorphic to a
bounded complex of coherent OY -modules. Now note that, since Y is affine and regular,
every coherent OY -module has a resolution of finite length by locally free OY -module
of finite rank. So RfX/Y,crys∗F is quasi-isomorphic to a bounded complex of locally free
OY -modules of finite rank, that is, it is a perfect complex of OY -modules. From this fact
and [Be-O, B.10], we see that RfX/Y ,crys∗F is a perfect complex of OY -modules. So we
are done.
Next let us consider the case where f is integral. By Theorem 1.15, we know that
RfX/Y ,crys∗E is bounded and it has isocoherent cohomologies. So it is quasi-isomorphic to
a bounded complex of isocoherent sheaves locally on Y . Hence, to prove that RfX/Y ,crys∗E
is a perfect complex of Q ⊗Z OY -modules, it suffices to prove that RfX/Y ,crys∗E is quasi-
isomorphic to a bounded complex of flat Q⊗Z OY -modules.
Let the notation be as in the proof of Theorem 1.15 and put E (•) := Q ⊗ F (•).
Then, to prove the above assertion, we may replace X, E by X(m), E (m). Then, since
we have RfX(m)/Y ,crys∗E
(m) := Q ⊗Z (f ◦ g
(m))∗DR(P
(0,m)/Y ,F (m)) = (f ◦ g(m))∗(Q ⊗Z
DR(P(0,m)/Y ,F (m))), it suffices to prove that (f ◦ g(m))∗(Q⊗Z F
(m)
P(0,m)
⊗ωi
P(0,m)/Y
) (i ∈ N)
are flat Q⊗ZOY -modules. Now let us note that (P(0,m),MP(0,m)) −→ (Y ,MY) is formally
log smooth by definition and integral because so is f . So P(0,m) is flat over Y . Since
Q⊗ZF
(m)
P(0,m)
⊗ωi
P(0,m)/Y
(i ∈ N) are locally free Q⊗ZOP(0,m)-modules, we can deduce that
(f ◦g(m))∗(Q⊗ZF
(m)
P(0,m)
⊗ωi
P(0,m)/Y
) (i ∈ N) are flat Q⊗ZOY-modules. So we are done. 
Remark 1.18. In the case Y = SpfW , Theorem 1.15 implies the finite-dimensionality
of the (absolute) log crystalline cohomology H i((X/W )logcrys, E). It is already used in [O2]
and [S2, 3.1.5], but we could not find a precise reference before.
Next we prove the base change property.
Theorem 1.19. Assume we are given a diagram
(X ′,MX′) −−−→ (Y ′,MY ′) −−−→ (Y ′,MY ′)y y ϕy
(X,MX)
f
−−−→ (Y,MY )
ι
−−−→ (Y ,MY),
(1.10)
where f is proper log smooth integral, ι is the exact closed immersion defined by the
ideal sheaf pOY and the squares are Cartesian. Then, for a locally free isocrystal E on
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(X/Y)logcrys, we have the quasi-isomorphism
Lϕ∗RfX/Y ,crys∗E
∼
−→ RfX′/Y ′,crys∗ϕ
∗E .
Remark 1.20. When E has the form Q ⊗ F for a locally free crystal of finite type F ,
Theorem 1.19 is essentially known by [Be-O, 7.8] plus limit argument.
Proof. First, by the same argument as the proof of Theorem 1.15, we may assume that
Y ,Y ′ are affine and have no p-torsion. Let us take a diagram
(X,MX)
g(•)
←− (X(•),MX(•))
i(•)
→֒ (P(•),MP(•))
as in (1.6) and take a crystal F of finite presentation on (X/Y)logcrys satisfying E = Q⊗F
such that FP(0) has no p-torsion. (It is possible by the proof of Theorem 1.15.) Let Fn,F
(•)
n
be as in the proof of Theorem 1.15 and denote the map ϕ ⊗Zp Z/p
nZ : (Y ′n,MY ′n) −→
(Yn,MYn) simply by ϕn.
The map Lϕ∗•RfX/Y•,crys∗F• −→ RfX′/Y ′•,crys∗ϕ
∗
•F• is defined in a standard way (see
[Be-O, 7.8], [Be1, V 3.5.2]). This map induces the map
Q⊗Z (R lim←−Lϕ
∗
•RfX/Y•,crys∗F•)
∼=−→ Q⊗Z R lim←−RfX′/Y
′
•
ϕ∗•F•.(1.11)
(Note that Lϕ∗•RfX/Y•,crys∗F• is quasi-isomorphic to the complex of quasi-coherent OY•-
modules. So it admits a lim←−-acyclic resolution and so we can apply the functor R lim←−
to it.) The right hand side of (1.11) is quasi-isomorphic to to Q ⊗Z RfX′/Y ′,crys∗ϕ
∗F =
RfX′/Y ′,crys∗ϕ
∗E by [Be-O, 7.22] and the left hand side is calculated as follows:
Q⊗Z (R lim←−Lϕ
∗
•RfX/Y•,crys∗F•)
= Q⊗Z (R lim←−Lϕ
∗
•(OY• ⊗
L
OY
RfX/Y ,crys∗F)) ([Be-O, B.5])
= Q⊗Z (R lim←−(OY
′
•
⊗LOY′ Lϕ
∗RfX/Y ,crys∗F))
= Q⊗Z (Lϕ
∗RfX/Y ,crys∗F) ([Be-O, B.9])
= Lϕ∗RfX/Y ,crys∗E .
So it suffices to show that the map (1.11) is a quasi-isomorphism. If we denote the cone
Cone(Lϕ∗•RfX/Y•,crys∗F• −→ RfX′/Y ′•,crys∗ϕ
∗
•F•) by C•, it suffices to prove the equality
Q⊗Z R lim←−C• = 0 in derived category.
Let (X ′(•),MX′(•)) := (X
(•),MX(•)) ×(X,MX ) (X
′,MX′), (P ′
(•),MP ′(•)) := (P
(•),MP(•))
×(Y ,MY) (Y
′,MY ′) and g
′(•) := g(•) ×(X,MX) (X
′,MX′). Then we have
C• = Cone(Lϕ
∗
•RfX(•)/Y•,crys∗F
(•)
• −→ RfX′(•)/Y ′•,crys∗ϕ
∗
•F
(•)
• ).
For m ∈ N, let us put C(m)• := Cone(Lϕ
∗
•RfX(m)/Yn,crys∗F
(m)
• −→ RfX′(m)/Y ′•,crys∗ϕ
∗
•F
(m)
• ).
To prove the equality Q⊗ZR lim←−C• = 0, it suffices to prove the equality Q⊗ZR lim←−C
(m)
• =
0 for all m ∈ N, because we have C(m)• = 0 for sufficiently large m. Let us take a
p-adic fine log formal B-scheme (P(0,m),MP(0,m)) as in the proof of Theorem 1.15 and
put (P ′(0,m),MP ′(0,m)) := (P
(0,m),MP(0,m)) ×(Y ,MY) (Y
′,MY ′). To prove the claim, we may
assume moreover that P(0,m) is affine, Q ⊗ FP(0,m) is a free Q ⊗ OP(0,m)-module of finite
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rank and ω1
P(0,m)/Y
is a free OP(0,m)-module. Then we have
C(m)n ∼= Cone(Lϕn
∗(f ◦ g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n ) −→ (f ◦ g
′(m))∗DR(P
′(0,m)/Y ′n, ϕn
∗F(m)n ))
∼= Cone(Lϕn
∗(f ◦ g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n ) −→ ϕn
∗(f ◦ g(m))∗DR(P
(0,m)
n /Yn,F
(m)
n )).
(The second isomorphism follows from affine base change.)
For a coherent OP(0,m)-module M, let us put Mn :=M⊗ ZpZ/p
nZ and put
C(m)• (M) := Cone(Lϕ•
∗(f ◦ g(m))∗M• −→ ϕ•
∗(f ◦ g(m))∗M•).
Then, to prove the equality Q ⊗Z R lim←−C
(m)
• = 0, it suffices to prove the equality
Q ⊗Z R lim←−C
(m)
• (M) = 0 for any p-torsion free coherent OP(0,m)-module M such that
Q ⊗Z M is locally free (in the sense of Definition 1.9), because DR(P(0,m)/Y ,F (m))
is a bounded complex consisting of such modules and we have DR(P(0,m)n /Yn,F
(m)
n ) =
DR(P(0,m)/Y ,F (m))⊗OY OYn .
Let us fix a p-torsion free coherent OP(0,m)-moduleM such that Q⊗ZM is locally free
and take a resolution N • −→M −→ 0 of M by finitely generated free OP(0,m)-modules.
(It is possible since P(0,m) is affine.) Then, sinceM is p-torsion free, the induced diagram
N •n −→ Mn −→ 0 gives a resolution of Mn by finitely generated free OP(0,m)n -modules.
So
(f ◦ g(m))∗N
•
n −→ (f ◦ g
(m))∗Mn −→ 0
is exact and each (f ◦g(m))∗N qn is a flat OYn-module. Applying ϕ
∗
n and noting the equality
ϕ∗n(f ◦ g
(m))∗ = (f ◦ g′
(m))∗ϕ
′
n
∗, we obtain the diagram
(f ◦ g′
(m)
)∗ϕ
′
n
∗
N •n −→ (f ◦ g
′(m))∗ϕ
′
n
∗
Mn
and the cone of it is a representative of C(m)n (M), which is compatible with respect to n.
So we have
Q⊗Z R lim←−C
(m)
• (M)
=Q⊗Z R lim←−Cone((f ◦ g
′(m))∗ϕ
′
•
∗
N •• −→ (f ◦ g
′(m))∗ϕ
′
•
∗
M•)
=Q⊗Z lim←− nCone((f ◦ g
′(m))∗ϕ
′
n
∗
N •n −→ (f ◦ g
′(m))∗ϕ
′
n
∗
Mn)
=Q⊗Z (f ◦ g
′(m))∗Cone(ϕ
′∗N • −→ ϕ′
∗
M)
=(f ◦ g′
(m)
)∗Cone(ϕ
′∗(Q⊗Z N
•) −→ ϕ′
∗
(Q⊗Z M)) = 0.
(The second equality comes from the quasi-coherence and the surjectivity of the transition
maps for each term and the final equality comes from the local freeness of Q⊗Z M.) So
we have proved the equality Q⊗Z R lim←−C
(m)
• (M) = 0 and so we are done. 
In the rest of this section, we introduce the relative version of HPD-(iso)stratification
([O2], [S1, 4.3]) and prove a relation with (iso)crystals.
First we define the notion of HPD-(iso)stratification (cf. [S1, 4.3.1]):
Definition 1.21. Let (X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY) be as in (1.1) and let (X,MX) →֒
(P,MP) be a closed immersion into a p-adic fine log formal B-scheme over (Y ,MY). Let
D(i) (i = 0, 1, 2) be the p-adically completed log PD-envelope of (X,MX) in the (i + 1)-
fold fiber product of (P,MP) over (Y ,MY). Then we have the projections pi : D(1) −→
D(0) (i = 1, 2), pij : D(2) −→ D(1) (1 ≤ i < j ≤ 3) and the diagonal map ∆ : D(0) −→
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D(1). Then we define an HPD-strafinication (resp. HPD-isostratification) on an object
E in M(D(0)) (resp. M(D(0))Q) as an isomorphism ǫ : p
∗
2E
∼=−→ p∗1E satisfying ∆(ǫ) =
id and p∗12(ǫ) ◦ p
∗
23(ǫ) = p
∗
13(ǫ). We denote the category of objects in M(D(0)) (resp.
M(D(0))Q) endowed with HPD-stratification (resp. HPD-isostratification) by HPD((X →֒
P/Y)log) (resp. HPDI((X →֒ P/Y)log)).
Let the notations be as above and assume that (P,MP) is formally log smooth over
(Y ,MY). Then we have the canonical equivalence of categories ([Ka, §6])
Ccrys((X/Y)
log) −→ HPD((X →֒ P/Y)log)
and it naturally induces the fully-faithful functor
Λ : Icrys((X/Y)
log) −→ HPDI((X →֒ P/Y)log).
As in the absolute case ([S1, 4.3.2]), we have the following:
Proposition 1.22. If (P,MP) is formally log smooth over (Y ,MY) and (P,MP)×(Y ,MY)
(Y,MY ) = (X,MX) holds, Λ is an equivalence of categories.
The proposition follows from the following lemma (cf. [S1, 4.3.3]):
Lemma 1.23. With the above notation, let (U ,MU) →֒ (P,MP) be a strict open im-
mersion (U may be empty) and put (U,MU) := (X,MX) ×(P,MP ) (U ,MU). Let (E, ǫ) be
an object in HPDI((X →֒ P/Y)log), let (L′, ǫ′) be an object in HPD((U →֒ U/Y)log))
such that L′ ∈ M(U) = Coh(OU) has no p-torsion, and assume given an isomorphism
α : (E, ǫ)|U
∼=−→ (Q ⊗ L′, id ⊗ ǫ′) in HPDI((U →֒ U/Y)log). Then there exists an object
(L′′, ǫ′′) in HPD((X →֒ P/Y)log) with the isomorphism (Q ⊗ L′′, id ⊗ ǫ′′) ∼= (E, ǫ) such
that L′′ ∈ M(P) = Coh(OP) has no p-torsion and that α is induced by an isomorphism
(L′′, ǫ′′)|U
∼=−→ (L′, ǫ) in HPD((U →֒ U/Y)log).
Proof. The proof is similar to that of [S1, 4.3.3]. First note the equivalence of categories
M(Z) = Coh(OZ),M(Z)Q = Coh(Q⊗ OZ) for Z = P,U . In this proof, we regard L′, E
as an object of Coh(OU ),Coh(Q ⊗ OP), respectively. Take a coherent sheaf L without
p-torsion on P such that Q ⊗ L = E holds. By the argument in [S1, p.602 lines 16–23],
we may assume that L|U ∼= L′ holds via α.
Assume for the moment that P is affine and put P = Spf A. If we define D(1) as in
Definition 1.21, then D(1) is affine over P and so it is also affine. Put D(1) := Spf B(1).
Then it is known that B(1) is flat over A ([Ka]). Denote Γ(P, E),Γ(P, L) by EA, LA.
Then ǫ naturally induces the isomorphism
ǫA : B(1)⊗A EA
∼=−→ EA ⊗A B(1).
(Note that, since B(1) is flat over A and EA is isocoherent, B(1)⊗A EA is isomorphic to
B(1)⊗ˆAEA and so on. See for example [Ga-Ra, 7.1.6].) Let θA : EA −→ EA ⊗A B(1) be
the map defined by θA(x) := ǫ(1 ⊗ x) and let us define L
′′
A by L
′′
A := θ
−1(LA ⊗A B(1)).
Then L′′A is an A-module and by the argument in [S1, p.602 line 31 –p.604 line 16], we
have the following:
(1) L′′A is a coherent sub A-module of LA satisfying Q⊗ L
′′
A = EA.
(2) ǫA(B(1)⊗A L′′A) ⊆ L
′′
A ⊗A B(1) holds.
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Now we prove that ǫ induces the isomorphism ǫ′′A : B(1) ⊗A L
′′
A
∼=−→ L′′A ⊗A B(1). (It
is implicitely used in [S1] and [O2], but the proof was omitted there.) To see this, it
suffices to prove that C := Coker(ǫ′′A) is zero. Since we have B(1) ⊗A L
′′
A = B(1)⊗ˆAL
′′
A
and L′′A ⊗A B(1) = L
′′
A⊗ˆAB(1), it suffices to prove C/p
nC = 0 for any n. Note that
A⊗∆∗,B(1) ǫ
′′
A is, by definition, the identity map L
′′
A −→ L
′′
A. So we have A⊗∆∗,B(1)C = 0,
hence (A/pnA)⊗∆∗,B(1)/pnB(1) (C/p
nC) = 0. Since Ker(∆∗ : B(1)/pnB(1) −→ A/pnA) is a
nil-ideal and C/pnC is finitely generated, it implies C/pnC = 0. So ǫ′′A is an isomorphism.
The pair (L′′A, ǫ
′′
A) naturally induces an object in HPD((X →֒ P/Y)
log) (denoted also by
(L′′A, ǫ
′′
A)) satisfying Q⊗ (L
′′
A, ǫ
′′
A) = (E, ǫ).
Now let us remove the condition that P is affine. For an affine open sub formal scheme
Spf A of P, we can define (L′′A, ǫ
′′
A) by the method of the previous paragraph. Now let
Spf A′ ⊆ Spf A ⊆ P be open immersions. Then we have
L′′A′ = θ
−1
A′
(LA′ ⊗A′ (B(1)⊗ˆAA
′))
= Ker(EA′
θ
A′
−→ EA′ ⊗A′ (B(1)⊗ˆAA
′) −→ (EA′/LA′ )⊗A′ (B(1)⊗ˆAA
′))
= Ker(EA′
θ
A′
−→ EA′ ⊗A′ (B(1)⊗ˆAA
′) −→ (EA′/LA′ )⊗A′ (B(1)⊗A A
′)) (EA′/LA′ is p-torsion)
= Ker(EA ⊗A A
′ θA⊗AA
′
−→ EA ⊗A B(1)⊗A A
′
−→ (EA/LA)⊗A B(1)⊗A A
′
)
= Ker(EA
θA
−→ EA ⊗A B(1) −→ (EA/LA)⊗A B(1))⊗A A
′
= θ−1A (LA ⊗A B(1))⊗A A
′ = L′′A ⊗A A
′.
So the construction of (L′′A, ǫ
′′
A) in the previous paragraph is compatible with respect to
the open immersion Spf A′ →֒ Spf A. Moreover, if we have Spf A ⊆ U , we have
LA ⊆ θ
−1(LA ⊗A B(1)) = L
′′
A,
since L|U ∼= L′ is stable under ǫ. So we have LA = L′′A in this case. Therefore, we can
glue (L′′A, ǫ
′′
A)’s to define globally an object (L
′′, ǫ′′) in HPD((X →֒ P/Y)log) which satisfies
Q⊗ (L′′, ǫ′′) = (E, ǫ) and (L′′, ǫ′′)|U ∼= (L
′, ǫ′) via α. So we are done. 
By the same argument as in [O2, 0.7.5] and [S1, 4.3.4], we have the following (we omit
the proof):
Proposition 1.24. Let (X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY) be as in (1.1) with f log
smooth. Then the descent for finite Zariski open coverings holds for the category Icrys((X/
Y)log).
2. Relative log convergent cohomology (I)
In this section, first we give the definition and some basic properties of relative log
convergent site. Then we give a proof of the relative version of log convergent Poincare´
lemma. After that, we give a proof of the comparison theorem between relative log
convergent cohomology and relative log crystalline cohomology. Some of the results in
this section are studied also in [N-S]. The proofs are basically the same as the absolute
case (given in [S2]), but we would like to point out that some of the proofs are slightly
generalized or slightly simplified than those given in [S2]. Also, we correct some errors in
[S2].
First we give a definition of pre-widenings, widenings and enlargements, following the
absolute case ([S2, 2.1.1, 2.1.8, 2.1.9, 2.1.11]):
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Definition 2.1. Let f : (X ,MX ) −→ (Y ,MY) be a morphism in (pLFS/B). Define
the category Q((X /Y)log) of quadruples on (X ,MX )/(Y ,MY) as follows: The objects are
the data ((Z,MZ), (Z,MZ), i, z), where (Z,MZ) is an object in (LFS/B) over (Y ,MY),
(Z,MZ) is an object in (LS/B) over (Y ,MY), i is a closed immersion (Z,MZ) →֒ (Z,MZ)
over (Y ,MY) and z is a morphism (Z,MZ) −→ (X ,MX ) in (LFS/B) over (Y ,MY). We
define a morphism of quadruples on (X ,MX )/(Y ,MY) in an obvious way. (See [S2, 2.1.8].)
Definition 2.2. Let f : (X ,MX ) −→ (Y ,MY) be as above.
(1) A quadruple ((Z,MZ), (Z,MZ), i, z) on (X ,MX )/(Y ,MY) is called a pre-widening
on (X ,MX )/(Y ,MY) if (Z,MZ) is in (pLFS/B).
(2) A quadruple ((Z,MZ), (Z,MZ), i, z) on (X ,MX )/(Y ,MY) is called a widening on
(X ,MX )/(Y ,MY) if i is a homeomorphic exact closed immersion. (That is, Z is a scheme
of definition of Z via i.)
(3) A (pre)-widening ((Z,MZ), (Z,MZ), i, z) on (X ,MX )/(Y ,MY) is said to be exact if
i is exact. It is said to be affine if Z, z and the structure morphism Z −→ Y are affine.
(4) A quadruple ((Z,MZ), (Z,MZ), i, z) on (X ,MX )/(Y ,MY) is called an enlargement
if it is both pre-widening and widening, it is exact and Z is flat over SpfW .
Remark 2.3. In [S2, 2.1.11], we should have added the condition that T is flat over
Spf V .
We often denote a pre-widening, a widening or an enlargement ((Z,MZ), (Z,MZ), i, z)
simply by ((Z,MZ), (Z,MZ)) or Z. For a pre-widening Z := ((Z,MZ), (Z,MZ), i, z), we
define the associated widening by the quadruple ((Zˆ,MZ |Zˆ), (Z,MZ), iˆ, z), where Zˆ is the
completion of Z along Z and iˆ is the closed immersion (Z,MZ) →֒ (Zˆ,MZ |Zˆ) induced by
i.
We define relative log convergent site and isocrystals on it as follows:
Definition 2.4. Let τ be one of the words {Zar(= Zariski), et(= etale)}. For a morphism
(X ,MX ) −→ (Y ,MY) in (pLFS/B), we define the log convergent site (X /Y)logconv,τ of
(X ,MX )/(Y ,MY) with respect to τ -topology as follows: The objects are the enlargements
Z on (X ,MX )/(Y ,MY) and the morphisms are the morphism of enlargements. A family
of morphisms
{((Zλ,MZλ), (Zλ,MZλ), iλ, zλ) −→ ((Z,MZ), (Z,MZ), i, z)}λ∈Λ
is a covering if the morphisms (Zλ,MZλ) → (Z,MZ) are strict, form a covering of Z
with respect to τ -topology and (Zλ,MZλ) is canonically isomorphic to (Zλ,MZλ)×(Z,MZ),i
(Z,MZ). When the log structures are trivial, we omit the superscript
log in (X /Y)logconv,τ .
We denote the right derived functor (resp. the q-th right derived functor) of the functor
(X /Y)log,∼conv,τ −→ Y
∼
Zar; E 7→ (U 7→ Γ((X ×Y U/U)
log
conv,τ , E))
by RfX/Y ,conv∗E (resp. R
qfX/Y ,conv∗E). We call R
qfX/Y ,conv∗E the q-th relative log con-
vergent cohomology of (X ,MX )/(Y ,MY) with coefficient E . We denote the sheaf on
(X /Y)logconv,τ defined by Z 7→ Γ(Z,OZ) (resp. Q⊗Z Γ(Z,OZ)) by OX/Y (resp. KX/Y).
Definition 2.5. Let the notations be as above. An isocrystal on the log convergent site
(X /Y)logconv,τ is a sheaf E on (X /Y)
log
conv,τ satisfying the following conditions:
(1) For any enlargement Z, the sheaf EZ on Z induced by E is an isocoherent sheaf.
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(2) For any morphism f : Z ′ −→ Z of enlargements, the homomorphism f ∗EZ −→ EZ′
of sheaves on Z ′ induced by E is an isomorphism.
We denote the category of isocrystals on (X /Y)logconv,τ by Iconv,τ ((X /Y)
log). When the log
structures are trivial, we omit the superscript log.
Definition 2.6. Let the notations be as above. Then an isocrystal E is said to be locally
free if, for any enlargement Z, the sheaf EZ on Z induced by E is a locally free Q⊗ZOZ-
module in the sense of Definition 1.9.
For a morphism (X ,MX ) −→ (Y ,MY) and a (pre-)widening Z on (X ,MX )/(Y ,MY),
we can define the notion of localized log convergent site (X /Y)logconv,τ |Z and the category
of isocrystals Iconv,τ ((X /Y)log|Z) on it in the same way as [S2, 2.1.17, 2.1.19].
Note that, for a simplicial object (X (•),MX (•)) in (pLFS/B) and a morphism (X
(•),
MX (•)) −→ (Y ,MY) in (pLFS/B), we can define the log convergent topos (X
(•)/Y)log,∼conv,τ
of (X (•),MX (•))/(Y ,MY) (cf. [S2, p.46–47]). We can prove the following proposition in
the same way as [S2, 2.1.20] (we omit the proof):
Proposition 2.7. Let (X ,MX ) −→ (Y ,MY) be a morphism in (pLFS/B) and let τ be
one of the words {Zar(= Zariski), et(= etale)}. Let g(•) : (X (•),MX (•)) −→ (X ,MX )
be a strict τ -hypercovering. Let θ := (θ∗, θ
−1) : (X (•)/Y)log,∼conv,τ −→ (X /Y)
log,∼
conv,τ be the
morphism of topoi characterized by θ−1(E)(i) := g(i),−1(E). Then, for any abelian sheaf E
on (X /Y)logconv,τ , the canonical homomorphism E −→ Rθ∗θ
−1E is a quasi-isomorphism.
Remark 2.8. The description of θ−1 in [S2, 2.1.20] was wrong. The correct one is given
above.
The equivalence of the category of isocrystals on (X /Y)logconv,et and that on (X /Y)
log
conv,Zar
holds also in relative case ([S2, 2.1.21], we omit the proof):
Proposition 2.9. Let (X ,MX ) −→ (Y ,MY) be as above and let Z be a (pre-)widening
of (X ,MX )/(Y ,MY). Let us denote the canonical morphism of topoi
(X /Y)log,∼conv,et −→ (X /Y)
log,∼
conv,Zar (resp. (X /Y)
log,∼
conv,et|Z −→ (X /Y)
log,∼
conv,Zar|Z )
by ǫ. Then:
(1) for any E ∈ Iconv,et((X /Y)log) (resp. E ∈ Iconv,et((X /Y)log|Z)), we have Rǫ∗E =
ǫ∗E .
(2) The functor E 7→ ǫ∗E induces the equivalence of categories
Iconv,et((X /Y)
log)
∼
−→ Iconv,Zar((X /Y)
log)
(resp. Iconv,et((X /Y)
log|Z)
∼
−→ Iconv,Zar((X /Y)
log|Z) ).
In the rest of this paper, we denote the category Iconv,et((X /Y)log) = Iconv,Zar((X /Y
)log) (resp. Iconv,et((X /Y)log|Z) = Iconv,Zar((X /Y)log|Z)) simply by Iconv((X /Y)log) (resp.
Iconv((X /Y)log|Z)) and call it an isocrystal on (X /Y)logconv (resp. (X /Y)
log
conv|Z), by abuse
of terminology.
Next we introduce the notion of the exactification of a closed immersion of fine log
formal B-schemes. (This is essentially introduced in [C-F, 0.9] as log formal tube. We
will not use this terminology because we would like to use the word ‘tube’ for the rigid
analytic one.)
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Proposition-Definition 2.10. Let C be the category of homeomorphic exact closed im-
mersions i : (Z,MZ) →֒ (Z,MZ) in (LFS/B) and let D be the category of closed immer-
sions in (LFS/B). Then the canonical inclusion functor C −→ D has a right adjoint of
the form ((Z,MZ) →֒ (Z,MZ)) 7→ ((Z,MZ) →֒ (Zex,MZex)). We call this functor the
exactification.
Proof. Let i : (Z,MZ) →֒ (Z,MZ) be a closed immersion in (LFS/B) and we prove
the existence of (Z,MZ) →֒ (Zex,MZex). To prove it, we may replace Z by the formal
completion of Z along Z. Moreover, since it suffices to prove the claim etale locally (by
etale descent), we may assume that i admits a chart (PZ → MZ , QZ →MZ , P
α
→ Q) such
that αgp is surjective. If we put P ′ := αgp,−1(Q),Z ′ := Z×ˆSpf Zp{P}Spf Zp{P
′},MZ′ := log
structure associated to P ′Z′ → OZ′ , we obtain a factorization
(Z,MZ)
i′
−→ (Z ′,MZ′)
f
−→ (Z,MZ)
such that i′ is an exact closed immersion and f is formally log etale. (Here we define the
formal log etaleness of a morphism in (LFS/B) by infinitesimal lifting property.) If we
define Zex to be the completion of Z ′ along Z and MZex to be the pull-back of MZ′ to
Zex, we have the diagram
(Z,MZ)
iex
−→ (Zex,MZex)
g
−→ (Z,MZ)
such that iex is a homeomorphic exact closed immersion and that g is formally log etale.
We can check that i 7→ iex is indeed the desired functor by this diagram. 
Corollary 2.11. Let i : (Z,MZ) →֒ (Z,MZ) be a closed immersion in (LFS/B) and let
(Z,MZ) →֒ (Zex,MZex) be its exactification. Then the canonical morphism (Zex,MZex)
−→ (Z,MZ) defined by adjointness is formally log etale and affine.
For a (pre-)widening Z = ((Z,MZ), (Z,MZ), i, z), the quadruple Zex := ((Zex,MZex),
(Z,MZ), i
ex, z) is a widening. It is called the exactification of Z. Note that the widening
obtained as the exactification of a pre-widening is equal to the exactification of the widen-
ing associated to the given pre-widening. The notion of the exactification was defined only
under the existence of a chart in [S2] and this forced us to do complicated arguments at
several parts of the paper [S2]. With this general definition of the exactification, we can
slightly generalize some notions and simplify some arguments in [S2]. For example, we
can define the notion of the system of universal enlargements of (not necessarily exact)
(pre-)widenings as follows:
Definition 2.12. Let Z := ((Z,MZ), (Z,MZ), i, z) be a (pre-)widening. Let ((Zex,MZex),
(Z,MZ), i
ex, z) be the exactification of Z and let I be the ideal Ker(OZex −→ OZ). For
n ∈ N, let Bn(Z) be the formal blow-up of Zex with respect to the ideal pOZex + In, let
T ′n(Z) be the open sub formal scheme
{x ∈ Bn(Z) | (pOZex + I
n) · OBn(Z),x = pOBn(Z),x}
and let Tn(Z) be the closed subscheme of T ′n(Z) defined by the ideal {x ∈ OT ′n(Z) | ∃n,
pnx = 0}. Let λn : Tn(Z) −→ Z be the canonical morphism and let Zn := λ−1n (Z). Then
the quadruple
Tn(Z) := ((Tn(Z),MZex |Tn(Z)), (Zn,MZ |Zn), Zn →֒ Tn(Z), (Zn,MZ)
λn−→ (Z,MZ)
z
−→ (X,M))
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is an enlargement for each n and the family {Tn(Z)}n∈N forms an inductive system of
enlargements. The morphisms λn’s define the morphisms of (pre-)widenings Tn(Z) −→
Z (n ∈ N) which is compatible with transition morphisms. We call this inductive system
the system of universal enlargements of Z.
We can see that the analogues of [S2, 2.1.23–27] are true also in relative situation. That
is, we have the following (we omit the proof):
Lemma 2.13. Let Z be a widening and let Z ′ be an enlargement. Then a morphism
Z ′ −→ Z as quadruples factors through Tn(Z) for some n. Moreover, such a factorization
is unique as a morphism to the inductive system {Tn(Z)}n∈N.
Lemma 2.14. With the above notation, the morphism of sheaves hTn(Z) −→ hZ is injec-
tive. (Here h? denotes the sheaf on relative log convergent site associated to ?.)
Lemma 2.15. Let Z be a pre-widening and let Zˆ be the associated widening. Then we
have the canonical isomorphism of enlargements Tn(Zˆ)
=
−→ Tn(Z).
Lemma 2.16. Let
g : ((Z ′,MZ′), (Z
′,MZ′), i
′, z′) −→ ((Z,MZ), (Z,MZ), i, z)
be a morphism of (pre-)widenings and assume that (Z ′,MZ′)×(Z,MZ) (Z,MZ) = (Z
′,MZ′)
holds naturally and that Z ′ −→ Z is flat. Then g induces the natural isomorphism of
enlargements
Tn(Z
′)
∼
−→ Tn(Z)×Z Z
′.
Lemma 2.17. Let
g : Z := ((Z,MZ), (Z,MZ), i, z) −→ Z
′ := ((Z,MZ), (Z
′,MZ′), i
′, z′)
be a morphism of (pre-)widenings such that g is identity on Z and (Z,MZ) −→ (Z ′,MZ′)
is an exact closed immersion. Assume that there exists an ideal J of OZ and m ∈ N such
that Jm+1 ⊆ πOZ and IZ ⊆ IZ′ + J holds, where IZ , IZ′ are the defining ideals of Z, Z ′
in Z, respectively. Denote the morphism of enlargements Tn(Z) −→ Tn(Z ′) induced by g
by gn. Then:
(1) There exists a homomorphism of formal schemes hn : Tn(Z ′) −→ Tm+n(Z) such
that the composites
Tn(Z
′)
hn−→ Tm+n(Z)
gm+n
−→ Tm+n(Z
′), Tn(Z)
gn−→ Tn(Z
′)
hn−→ Tm+n(Z)
coincide with the canonical transition morphisms.
(2) For an isocrystal E , we have the natural isomorphism ϕn : h
∗
nETm+n(Z)
∼
−→ ETn(Z′)
such that the composites
h∗n ◦ g
∗
m+nETm+n(Z′)
h∗nE(gm+n)−→ h∗nETm+n(Z)
ϕn−→ ETn(Z′),
g∗n ◦ h
∗
nETm+n(Z)
g∗nϕn−→ g∗nETn(Z′)
E(gn)
−→ ETn(Z),
coincide with the isomorphisms induced by the canonical morphism of enlargements
Tn(Z ′) −→ Tm+n(Z ′) and Tn(Z) −→ Tm+n(Z), respectively.
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Remark 2.18. In [S2, 2.1.25, 2.1.26], we forgot to assume that T is exact. However,
now we do not need the exactness hypothesis (as written in Lemmas 2.15, 2.16), because
now we can define the system of universal enlargements for (pre-)widenings which are not
necessarily exact.
As another application of the exactification of a closed immersion of fine log formal
B-schemes, we define the notion of tubular neighborhood of fine log formal B-schemes
as follows (In [S2, 2.2.4], it was defined under certain assumption, but we can define it
without any assumption here):
Definition 2.19. For a closed immersion (Z,MZ) →֒ (Z,MZ) of fine log formal B-
schemes, we define the tubular neighborhood ]Z[logZ of (Z,MZ) in (Z,MZ) as the rigid
analytic space ZexK . We define the specialization map
sp :]Z[logZ −→ Zˆ(:= (the completion of Z along Z) ≃ Z)
by the composite ]Z[logZ = Z
ex
K
sp
−→ Zex −→ Zˆ, where the first map is the usual specialization
map and the second map is the one induced by the canonical morphism Zex −→ Z.
Remark 2.20. ]Z[logZ and {Tn(Z)}n are related by ]Z[
log
Z =
⋃∞
n=1 Tn(Z)K .
Next, we recall the relation between the category of isocrystals and certain categories of
stratifications and give the definition of the log de Rham complex on tubular neighborhood
associated to an isocrystal. Let us consider the situation
(X,MX)
i
−−−→ (P,MP)
f
y gy
(Y ,MY) (Y ,MY),
(2.1)
where (X,MX) is an object in (LS/B), f is a morphism in (pLFS/B), i is a closed
immersion in (pLFS/B) and g is a formally log smooth morphism in (pLFS/B). For
n ∈ N, let (P(n),MP(n)) be the (n+1)-fold fiber product of (P,MP) over (Y ,MY). Then,
we have a closed immersion i(n) : (X,MX) →֒ (P(n),MP(n)) and the quadruple P(n) :=
((P(n),MP(n)), (X,MX), i(n), id) is a pre-widening of (X,MX)/(Y ,MY). So we have a
system of universal enlargements {Tm(P(n))}m. Moreover, we have the ‘projections’
pi,m : Tm(P(1)) −→ Tm(P) (i = 1, 2), pij,m : Tm(P(2)) −→ TX,m(P(1)) (1 ≤ i < j ≤ 3)
and the ‘diagonal morphism’ ∆m : Tm(P) −→ Tm(P(1)), which are morphisms of en-
largements and compatible with respect to m. Let Str′((X →֒ P/Y)log) be the category
of compatible family of isocoherent sheaves Em on Tm(P) (m ∈ N) endowed with compat-
ible isomorphisms ǫm : p
∗
2,mE
∼
−→ p∗1,mE satisfying ∆
∗
m(ǫm) = id, p
∗
12,m(ǫm) ◦ p
∗
23,m(ǫm) =
p∗13,m(ǫm).
On the other hand, from the closed immersion i(n), we can form the tubular neighbou-
hood ]X [logP(n) and we have the projections
pi : ]X [
log
P(1)−→]X [
log
P (i = 1, 2), pij : ]X [
log
P(2)−→]X [
log
P(1) (1 ≤ i < j ≤ 3)
and the diagonal morphism ∆ : ]X [logP −→]X [
log
P(1). Let Str
′′((X →֒ P/Y)log) be the category
of pairs (E, ǫ), where E is a coherent O]X[logP
-module and ǫ is anO]X[log
P(1)
-linear isomorphism
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p∗2E
∼
−→ p∗1E satisfying ∆
∗(ǫ) = id, p∗12(ǫ) ◦ p
∗
23(ǫ) = p
∗
13(ǫ). Then we have the following
proposition as in the absolute case ([S2, 2.2.7]):
Proposition 2.21. With the above notation, we have the functorial equivalence of cate-
gories
Iconv((X/Y)
log) ≃ Str′((X →֒ P/Y)log) ≃ Str′′((X →֒ P/Y)log).
Let E be an isocrystal on (X,MX)/(Y ,MY) and let (E, ǫ) be the associated object in
Str′′((X →֒ P/Y)log). If we denote the first log infinitesimal neighborhood of (P,MP)
into (P(1),MP(1)) by (P
1,MP1), ǫ induces the O]X[log
P1
-linear isomorphism
ǫ1 : O]X[log
P1
⊗O
]X[
log
P
E −→ E ⊗O
]X[
log
P
O]X[log
P1
and it induces the log connection
∇ : E −→ E ⊗O
]X[
log
P
ω1
]X[logP /YK
by ∇(e) := ǫ1(1⊗ e)− e⊗ 1. (Here ω1]X[logP /YK
:= ω1PK/YK |]X[logP
and ω1PK/YK is the coherent
OPK -module associated to Q ⊗Z ω
1
P/Y ∈ Coh(Q ⊗ OP).) Then we have the following
lemma.
Lemma 2.22. The log connection ∇ above is integrable.
Note that the proof of this lemma is harder than the analogous one in the previous
paper ([S2, 2.2.8]) due to the lack of the ‘of Zarisiki type’ hypothesis.
Proof. When there exists a chart of the log formal scheme (P,MP), we can prove the
lemma in the same way as [S2, 1.2.7, 2.2.8]. So it suffices to prove that we may work etale
locally on P.
Let {(Em, ǫm)}m be the object in Str
′((X →֒ P/Y)log) associated to E , let (Tm(P)n
′,M
Tm(P)n
′) be the n-th log infinitesimal neighborhood of (Tm(P),MTm(P)) in (Tm(P),MTm(P))
×(Y ,MY) (Tm(P),MTm(P)) and let (Tm(P)
n,MTm(P)n) →֒ (Tm(P)
n′,MTm(P)n′) be the exact
closed immersion defined by the ideal {x ∈ OTm(P)n | ∃n, p
nx = 0}. Then the canonical
morphism
(Tm(P)
n,MTm(P)n) −→ (Tm(P),MTm(P))×(Y ,MY) (Tm(P),MTm(P)) −→ (P(1),MP(1))
factors through (Tm+l(P(1)),MTm+l(P(1))) for some l ∈ N by the universality of exactifica-
tion and blow-up. So, by pulling-back ǫm+l to Tm(P)n, we obtain the isomorphism
ǫ′m,n : OTm(P)n ⊗OTm(P) Em
∼
−→ Em ⊗OTm(P) OTm(P)n
and ǫ′m,1 induces the connection
∇m : Em −→ Em ⊗OTm(P) ω
1
Tm(P)/Y .
Then it is easy to see that the compatible family {(Em,∇m)} induces (E,∇) via the
equivalence 
compatible family of
isocoherent sheaves on
{Tm(P)}m
 ∼−→
(
coherent
O]X[log
P
-module
)
.
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So it suffices to prove the integrability of (Em,∇m) to prove the lemma, and we may work
etale locally on P to check it. So we are done. 
Thanks to the above lemma, we can define the log de Rham complex
DR(]X[logP /YK , E) := [0 −→E
∇
−→ E ⊗O
]X[
log
P
ω1
]X[logP /YK
∇
−→ · · ·
∇
−→ E ⊗O
]X[
log
P
ωq
]X[logP /YK
∇
−→ · · · ]
on ]X [logP /YK associated to the isocrystal E in standard way.
Remark 2.23. We can give the analogue of the categories Str′((X →֒ P/Y)log), Str′′((X
→֒ P/Y)log) and the log de Rham complex DR(]X [logP /YK, E) in a slightly more generalized
situation. Assume given a commutative diagram
(X,MX)
i
−−−→ (P,MP)
f
y gy
(Y ,MY) (Y ,MY),
where (X,MX) is an object in (LS/B), f is a morphism in (pLFS/B), i is a closed im-
mersion in (LFS/B) and g is a morphism in (LFS/B) satisfying the following condition (∗):
(∗) Zariski locally on P, there exists a diagram
(X,MX)
i
−−−→ (P,MP)
i′
−−−→ (P˜,M
P˜
)
f
y gy g′y
(Y ,MY) (Y ,MY) (Y ,MY),
where g′ is a formally log smooth morphism in (pLFS/B), i′ is a morphism in (LFS/B) such
that i′◦ i is again a closed immersion and that i′ induces the isomorphism (Pex,MPex)
=
−→
(P˜ex,M
P˜ex
), where ex denotes the exactification of the closed immersion from (X,MX).
For n ∈ N, let (P(n),MP(n)) be the (n + 1)-fold fiber product of (P,MP) over (Y ,MY)
and let i(n) : (X,MX) →֒ (P(n),MP(n)) be the closed immersion induced by i. Then,
if we denote the exactification of i(n) by (P(n)ex,MP(n)ex), ((P(n)
ex,MP(n)ex), (X,MX))
forms a widening of (X,MX)/(Y ,MY).
Using Tm(P(n)
ex) instead of Tm(P(n)), we can define the category Str
′((X →֒ P/Y)log),
and using ]X [logP(n)= P(n)
ex
K instead of ]X [
log
P(n), we can define the category Str
′′((X →֒
P/Y)log). Then the analogue of Proposition 2.21 is true also in this situation. (We may
work Zariski locally on P and then we can reduce to Proposition 2.21 by the condition
(∗).) Moreover, for an isocrystal E on (X/Y)logconv, we can define the log de Rham complex
DR(]X [logP /YK, E) on ]X [
log
P = P
ex
K in the same way as above.
Next we give a sketch of the proof of log convergent Poincare´ lemma in relative situation.
Let (X,MX) be an object in (LS/B), (X,MX) −→ (Y ,MY) be a morphism in (pLFS/B)
and let Z := ((Z,MZ), (Z,MZ), i, z) be a widening on (X,MX)/(Y ,MY). Then we have
morphisms of topoi
u : (X/Y)log,∼conv,Zar −→ X
∼
Zar, jZ : (X/Y)
log,∼
conv,Zar|Z −→ (X/Y)
log,∼
conv,Zar
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and a morphism of ringed topoi
φZ : (X/Y)
log,∼
conv,Zar|Z −→ Z
∼
Zar,
as in the absolute case [S2, pp.90–91]. On the other hand, we can define the direct limit
site ~Z as follows, as in [S2, 2.1.28] (note that we do not need the exactness of Z, because
now we have the notion of system of universal enlargements in general):
Definition 2.24. Let Z be as above. Then we define the direct limit site ~Z as follows:
Objects are the open sets of some Tn(Z). For open sets U ⊆ Tn(Z) and V ⊆ Tm(Z),
Hom ~Z(U, V ) is empty unless n ≤ m and in the case n ≤ m, Hom ~Z(U, V ) is defined
to be the set of morphisms f : U −→ V which commutes with the transition morphism
Tn(Z) −→ Tm(Z). The coverings are defined by Zarisi topology for each object.
We define the structure sheaf O ~Z by O ~Z(U) := Γ(U,OU). A sheaf of Q⊗ZO ~Z-modules
E is called crystalline, if, for any transition map ψ : Tn(Z) −→ Tm(Z), the induced map
of sheaves
OTn(Z) ⊗ψ−1OTm(Z) ψ
−1Em−→En
is an isomorphism, where En, Em denote the sheaves on Tn(Z), Tm(Z) induced by E.
We define the morphism of topoi γ : ~Z∼ −→ Z∼Zar in order that γ
∗ is the pull-back
functor and that γ∗ is the functor of taking inverse limit of the direct images. Then we
have the following lemma, as [S2, 2.1.31] and [O2, 0.3.7]. (The proof is the same. Note
that we use the affinity of Tn(Z) −→ Z in the proof, which is true by Corollary 2.11 and
Definition 2.12.)
Lemma 2.25. Let Z be an affine widening and let E be a crystalline sheaf of Q⊗Z O ~Z-
modules. Then we have Hq( ~Z, E) = 0 for q > 0.
We can define the functor
φ ~Z,∗ : (X /Y)
log,∼
conv,Zar|Z −→ ~Z
∼
as in [S2, p.91]. Then we have the equality φZ,∗ = γ∗◦φ ~Z,∗ and the following commutative
diagram:
(X/Y)log,∼conv,Zar|Z
φ ~Z,∗
−−−→ ~Z∼
γ∗−−−→ Z∼Zar
jZ,∗
y ∥∥∥∥
(X/V )log,∼conv,Zar −−−→u∗
X∼Zar ←−−−z∗
Z∼Zar.
By the same argument as in the absolute case, we have the following ([S2, 2.3.1, 2.3.2],
[O2, 0.4.1, 0.4.2]):
Lemma 2.26. Let the notations be as above and assume that Z is an affine widening.
Then:
(1) The functor φ ~Z,∗ sends an injective sheaf to a flasque sheaf and exact.
(2) For an isocrystal E on (X/Y)logconv,Zar|Z , we have H
q((X/Y)logconv,Zar|Z , E)
∼
= Hq( ~Z,
φ ~Z,∗E) for all q ≥ 0 and these groups vanish for q > 0.
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Proof. We omit the proof of (1), since the proof is the same as that of [O2, 0.4.1, 0.4.2].
(2) is the immediate consequence of (1) and Lemma 2.25. 
By using these lemmas, we can deduce the following, as [S2, 2.3.3, 2.3.4]:
Proposition 2.27. Let the notations be as above and let Z be an affine widening. Then,
for an isocrystal E in (X/V )log,∼conv,Zar|Z , we have R
q(u ◦ jZ)∗E = 0 and RqjZ,∗E = 0 for
q > 0.
Proof. We may assume X is affine. Rq(u ◦ jZ)∗E is the sheaf associated to the presheaf
U 7→ Hq((U/Y)logconv,Zar|Z , E)
and it vanishes for q > 0 by Lemma 2.26.
To prove the vanishing RqjZ,∗E = 0 (q > 0), it suffices to show that the sheaf (RqjZ,∗E)Z′
on Z ′Zar induced by R
qjZ,∗E vanishes for any affine enlargement Z ′ and q > 0. Let Z ×Z ′
be the direct product as widening (which is again affine), and consider the following
diagram:
(Z ′ × Z)ex,∼Zar
γ
←−−−− ~(Z ′ × Z)ex,∼
φ ~(Z′×Z)ex,∗
←−−−−−−−− (X/Y)log,∼conv,Zar|(Z′×Z)ex
j
Z′
|Z
−−−−→ (X/V )log,∼conv,Zar|Z
pr
y jZ |Z′y jZy
Z ′
∼
Zar Z
′∼
Zar ←−−−−
φ
Z′
(X/Y)log,∼conv,Zar|Z′ −−−−→
j
Z′
(X/Y)log,∼conv,Zar.
We can prove that the functors j∗Z′ , (jZ′ |Z)
∗ sends injectives and injectives (which can be
shown as in [O2]), and the functors (jZ′ |Z)∗, φZ′,∗, φ ~(Z′×Z)ex,∗, j
∗
Z′ are exact. So we have
(RqjZ,∗E)Z′ = φZ′,∗j
∗
Z′R
qjZ,∗E
= φZ′,∗R
q(jZ |Z′)∗(jZ′ |Z)
∗E
= Rq(pr ◦ γ)∗φ ~(Z′×Z)ex,∗(jZ′ |Z)
∗E
and the last term is equal to zero for q > 0 by Lemma 2.26. (Note that, for any affine
open U ′ ⊆ Z ′ (which we can regard naturally as an enlargement), U × Z is an affine
widening.) So we have the vanishing RqjZ,∗E = 0 for q > 0. 
Corollary 2.28. Let Z be an affine widening and E be an isocrystal on (X /Y)log,∼conv,Zar|Z .
Then jZ,∗E is u∗-acyclic.
Proof.
Ru∗(jZ,∗E) = R(u ◦ jZ)∗E = u∗jZ,∗E
by Proposition 2.27. 
Now let us consider the situation
(X,MX)
i
−−−→ (P,MP)
f
y gy
(Y ,MY) (Y ,MY),
(2.2)
where (X,MX) is an object in (LS/B), f is a morphism in (pLFS/B), i is a closed
immersion in (pLFS/B) and g is a formally log smooth morphism in (pLFS/B). Then P :=
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((P,MP), (X,MX), i, z) is a pre-widening of (X,MX)/(Y ,MY). Denote the associated
widening of P by Pˆ and, for an isocrystal E on (X/Y)logconv, put
ωi
Pˆ
(E) := jPˆ,∗(j
∗
Pˆ
E ⊗OX/Y φ
∗
Pˆ
(ωiP/Y |Pˆ )).
Then we have the following theorem (relative version of [S2, 2.3.5,2.3.6]), which should
be called as the relative log convergent Poincare´ lemma:
Theorem 2.29. Let the notations be as above. Then, there exists a canonical structure
of complex on ω•
Pˆ
(E) and the adjoint homomorphism E −→ jPˆ,∗j
∗
Pˆ
E = ω0
Pˆ
(E) induces the
quasi-isomorphism E
≃
−→ ω•
Pˆ
(E).
Remark 2.30. Note that, in the above theorem, E is not assumed to be locally free: So
it is slightly more general than [S2, 2.3.5, 2.3.6] even in the absolute case.
Proof. By definition, one can check the equality
ωi
Pˆ
(E)(Z) = lim←− n(ETn(Z×P) ⊗OTn(Z×P) π
∗
P,nω
i
P/Y)(Tn(Z × P))
for an enlargement Z, where Z × P is the product of Z and P taken in the category of
pre-widenings and πP,n is the canonical map Tn(Z × P) −→ P. Varying Z, we see that
the sheaf ωi
Pˆ
(E)Z on ZZar induced by ω•Pˆ is given by
ωi
Pˆ
(E)Z = lim←− nπZ,n,∗(ETn(Z×P) ⊗OTn(Z×P) π
∗
P,nω
i
P/Y),
where πZ,n is the canonical map Tn(Z × P) −→ Z. To define a canonical structure
of a complex on ωi
Pˆ
(E), it suffices to construct a canonical, functorial structure of a
complex on ω•
Pˆ
(E)Z for affine enlargements Z := ((Z,MZ), (Z,MZ), i, z). Let (Pm,MPm)
be the m-th log infinitesimal neighborhood of (P,MP) in (P,MP) ×(Y ,MY) (P,MP), let
pi,m : (Pm,MPm) −→ (P,MP) (i = 1, 2) be the morphism induced by the i-th projection
and put Xmi := p
−1
i,m(X),MXmi :=MX |Xmi . Then we have pre-widenings
Pm := ((Pm,MPm), (X,MX)), P
m
i := ((P
m,MPm), (X
m
i ,MXmi )),
and the following diagram of pre-widenings (for i = 1, 2):
Pm −−−→ Pmiy pi,my
P P.
It induces the diagram of pre-widenings
Pm ×Z
ri−−−→ Pmi × Zy qiy
P × Z P × Z
(2.3)
for i = 1, 2. By taking the systems of universal enlargements of the above pre-widenings,
we see that ri (i = 1, 2) induce the isomorphisms of inductive systems of p-adic fine log
formal B-schemes
{Tn(P
m ×Z)}n
∼
= {Tn(P
m
i × Z)}n(2.4)
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by Lemma 2.17 and that qi (i = 1, 2) induce the isomorphisms
Tn(P
m
1 × Z)
∼
= Tn(P ×Z)×P P
m, Tn(P
m
2 ×Z)
∼
= Pm ×P Tn(P × Z)
(2.5)
by Lemma 2.16. By evaluating E on {Tn(P × Z)}n, we see that E naturally induces a
coherent sheaf E on ]Z[logPm×Z=
⋃
n Tn(P ×Z)K , and the isomorphisms (2.4), (2.5) induce
the isomorphisms
θm : π
∗
POPm ⊗O
]Z[
log
P×Z
E
≃
−→ E ⊗O
]Z[
log
P×Z
π∗POPm (m ∈ N).
(Here π∗P denotes the functor Coh(OP) −→ Coh(O]Z[logP×Z
) defined as composite
Coh(OP) −→ Coh(Q⊗OP) ≃ Coh(OPK ) −→ Coh(O]Z[log
P×Z
),
where the last arrow is the functor induced by the map ]Z[logP×Z−→ PK .) Then we can
define the map d˜ : E −→ E ⊗O
]Z[
log
P×Z
π∗Pω
1
P/Y by d˜(e) := θ1(1 ⊗ e) − e⊗ 1, and extend it
to the diagram
E
d˜
−→E ⊗O
]Z[
log
P×Z
π∗Pω
1
P/Y
d˜
−→· · ·
d˜
−→E ⊗O
]Z[
log
P×Z
π∗Pω
q
P/Y
d˜
−→· · ·
in standard way. By applying the direct image by the map πZ :]Z[
log
P×Z−→ ZK −→ Z to
the above diagram, we obtain the diagram
ω•
Pˆ
(E)Z := [ω
0
Pˆ
(E)Z
d
−→ω1
Pˆ
(E)Z
d
−→· · ·
d
−→ωq
Pˆ
(E)Z
d
−→· · · ],
since we have
πZ,∗(E ⊗O
]Z[
log
P×Z
π∗Pω
q
P/Y) = lim←− nπZ,n,∗(ETn(Z×P) ⊗OTn(Z×P) π
∗
P,nω
q
P/Y)
by definition. This construction is functorial with respect to affine enlargement Z and so
it induces the diagram
ω•
Pˆ
(E) := [ω0
Pˆ
(E)
d
−→ω1
Pˆ
(E)
d
−→· · ·
d
−→ωq
Pˆ
(E)
d
−→· · · ].
We prove that the diagram ω•
Pˆ
(E) forms a complex and that the adjoint map E −→
jPˆ,∗j
∗
Pˆ
E = ω0
Pˆ
(E) induces the quasi-isomorphism E
∼
−→ ω•
Pˆ
(E). To prove it, it suffices to
check it on an affine enlargement Z := ((Z,MZ), (Z,MZ), i, z). Note first that we have
the isomorphism
ωq
Pˆ
(E)Z = lim←− nπZ,n,∗(ETn(Z×P) ⊗ π
∗
P,nω
q
P/Y)
= lim←− nπZ,n,∗(π
∗
Z,nEZ ⊗ π
∗
P,nω
q
P/Y)
∼= EZ ⊗OZ lim←− nπZ,n,∗π
∗
P,nω
q
P/Y = EZ ⊗OZ ω
q
Pˆ
(KX/Y)Z :
Indeed, we see that the functor lim←− nπZ,n,∗(π
∗
Z,n(−)⊗π
∗
P,nω
q
P/Y) is exact on Coh(Q⊗OZ) by
using Lemma 2.31 below and [Ba-Ch, 5.10.1], and the functor (−)⊗OZ lim←− nπZ,n,∗π
∗
P,nω
q
P/Y
is right exact. So it suffices to check the isomorphism in the case EZ ∼= Q⊗Z O
⊕r
Z , which
is obvious. Then, by noting the fact that the diagram (2.3) is defined over Z and by
definition of d, we see that the map d on ω•
Pˆ
(E)Z is compatible with the map id ⊗ d on
EZ ⊗OZ ω
•
Pˆ
(KX/Y)Z via the above isomorphism. So it suffices to show that the diagram
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ω•
Pˆ
(KX/Y)Z forms a complex and that the diagram Q⊗ZOZ −→ ω
•
Pˆ
(KX/Y)Z is a complex
which is locally homotopic to zero.
By construction, the map
d : ω0
Pˆ
(KX/Y)Z = lim←− nπZ,n,∗(π
∗
P,nOP) −→ lim←− nπZ,n,∗(π
∗
P,nω
1
P/Y) = ω
1
Pˆ
(KX/Y)Z
is obtained by applying πZ,∗ to the relative differential
d˜ : O]Z[log
P×YZ
−→ ω1
]Z[logP×YZ
/ZK
.
Since d˜◦ d˜ = 0 holds, we have d◦d = 0. So the diagram ω•
Pˆ
(KX/Y) forms a complex. Now
let DR be the relative de Rham complex
O]Z[logP×YZ
d˜
−→ω1
]Z[log
P×YZ
/ZK
d˜
−→ω2
]Z[log
P×YZ
/ZK
d˜
−→· · · .
Then the diagram Q⊗Z OZ −→ ω•Pˆ(KX/Y)Z is the same as the diagram
sp∗O]Z[Z −→ πZ,∗DR.
So it suffices to prove that this is a complex locally homotopic to zero. To prove this,
we may assume that ]Z[logP×YZ is isomorphic to ]Z[Z×D
r = ZK × Dr, where Dr is the
r-dimensional open polydisc of radius 1 (where r is the rank of ω1P/Y), by Lemma 2.31
below. In this case, we can construct the desired homotopy by Lemma 2.32 below, as in
the case of Poincare´ lemma for a complex open polydisc. So the proof is finished (modulo
the proof of Lemmas 2.31, 2.32 below). 
We give a proof of the following two lemmas which are used in the above proof:
Lemma 2.31. Let (X,MX) be a fine log B-scheme and assume we are given the commu-
tative diagram
(X,MX) −−−→ (P,MP)∥∥∥∥ fy
(X,MX) −−−→ (Q,MQ),
(2.6)
where (P,MP), (Q,MQ) are p-adic fine log formal B-schemes, horizontal arrows are closed
immersions and f is formally log smooth. Then, Zariski locally on Q, we have the iso-
morphism ]X [logP
∼=]X [logQ ×D
r for some r (where Dr is the r-dimensional open polydisc of
radius 1) such that the morphism ]X [logP −→]X [
log
Q induced by f is identified with the first
projection ]X [logQ ×D
r −→]X [logP via the isomorphism.
Proof. Let Pex,Qex be the exactification of the horizontal arrows of the diagram (2.6).
Then we have the diagram
X −−−→ Pex∥∥∥∥ fexy
X −−−→ Qex.
We can easily check that f ex is formally smooth (that is, satisfies infinitesimal lifting
property for nilpotent closed immersions of affine schemes). To prove the lemma, we
may assume Qex =: Spf A,Pex =: Spf B are affine. Let f ∗ : A −→ B be the ring
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homomorphism associated to f ex. By infinitesimal lifting property, there exists a ring
homomorphism s : B −→ A satisfying s ◦ f ∗ = id. Put I := Ker s. Then, by [Gr-D2,
19.5.3], I/I2 is finitely generated formally projective A-module and we have the canonical
isomorphism ϕn : Sym
n
A(I/I
2) ∼= grnIB (n ∈ N). By localizing A, we may assume that I/I
2
is a free A-module of finite rank. The canonical inclusion I/I2 →֒ B/I2 lifts by formal
projectivity to a homomorphism I/I2 −→ B/In+1 and it induces the ring homomorphism
ψn : Sym
•≤n
A (I/I
2) −→ B/In+1. This is isomorphism since ϕn’s are isomorphisms. By
taking inverse limit, we obtain the ring isomorphism lim←− n(Sym
•≤n
A (I/I
2))
∼=−→ B, and the
left hand side is isomorphic to A[[x1, · · · , xr]] = lim←− nA[x1, · · · , xr]/(x1, · · · , xr)
n+1. (Here
r is the rank of I/I2.) So we have
]X [logP = (Spf B)K = (Spf A[[x1, · · · , xr]])K = (Spf A)K ×D
r =]X [logQ ×D
r.

Lemma 2.32. Let Z := Spf A0 be a p-adic affine formal B-scheme and π : ZK ×Dr −→
ZK the projection. (Here Dr denotes the r-dimensional open unit polydisc of radius 1.)
Then the complex
sp∗OZK −→ (sp ◦ π)∗Ω
•
ZK×Dr/ZK
(2.7)
is homotopic to zero.
Proof. Let us put A := Q ⊗Z A0, B := Γ(ZK × Dr,OZK×Dr). Let x1, · · · , xr be the
coordinate of Dr and for q ≥ 0, let us define Bq by
Bq :=
⊕
1≤i1<···<iq≤r
Bdxi1 ∧ dxi2 ∧ · · · ∧ dxiq .
Then, if we apply Γ(Z,−) to the complex (2.7), we obtain the complex C := [A→ B0 →
B1 → · · · ]. To prove the lemma, it suffices to show that the complex C is homotopic to
zero via a homotopy which is functorial on A.
For 1 ≤ j ≤ r and q ≥ 1, let αqj : B
q −→ Bq−1 be the map defined by
αqj(f(x1, x2, · · · , xr)dxi1 ∧ · · · ∧ dxiq)
:=

0, if j /∈ {i1, · · · , iq},
(−1)k−1
(∫ xj
0
f(x1, · · · , t
ĵ
, · · ·xr)dt
)
dxi1 ∧ · · · ∧ d̂xik ∧ · · · ∧ dxiq , if j = ik,
and let α0j : B
0 −→ A be the zero map. Let βj : C −→ C be the map defined by
β := id − (d ◦ α•j + α
•+1
j ◦ d), where d denotes the differential of C. Then, by definition,
βj is homotopic to id. Moreover, βj(Bdxi1 ∧ dxi2 ∧ · · · ∧ dxiq) is zero if j = ik for some
1 ≤ k ≤ q and we have βj(Bdxi1 ∧ dxi2 ∧ · · · ∧ dxiq) ⊆ Bdxi1 ∧ dxi2 ∧ · · · ∧ dxiq in general.
We have βj(a) = a for a ∈ A and βj(f(x1, · · · , xr)) = f(x1, · · · , 0
ĵ
, · · · , xr) for f ∈ B0.
Next let us define β : C −→ C by β := βr◦βr−1◦· · ·◦β1. Then β is homotopic to id and we
have β(Bq) = 0 (q ≥ 1), β(a) = a (a ∈ A), β(f(x1, · · · , xr)) = f(0, · · · , 0) (f ∈ B0). Now
we define γq : Bq −→ Bq−1 (q ≥ 1), γ0 : B0 −→ A by γq = 0 (q ≥ 1), γ0(f(x1, · · · , xr)) :=
f(0, · · · , 0). Then {γq}q gives a homotopy between β and zero map on C. So the identity
map on C, being homotopic to β, is homotopic to zero map. So the complex C is homotopic
RELATIVE LOG CONVERGENT COHOMOLOGY I 29
to zero. Moreover, it is easy to see that the homotopies we constructed are functorial on
A. So we are done. 
Let u˜ : (X/Y)log,∼conv,et −→ X
∼
Zar be the composite (X/Y)
log,∼
conv,et
ǫ
−→ (X/Y)log,∼conv,Zar
u
−→ X∼Zar.
Then we can prove the following in the same way as [S2, 2.3.8]:
Corollary 2.33. Assume the diagram (2.2) is given and let E be an isocrystal on (X/Y)logconv.
Then we have the canonical quasi-isomorphism
Ru˜∗E = sp∗DR(]X [
log
P /YK , E).
Proof. Here we only sketch the proof. Since we may work Zariski locally, we may assume
that ((P,MP), (X,MX)) is an affine widening. By Proposition 2.9 and Theorem 2.29, we
have the quasi-isomorphism
Ru˜∗E
∼
−→ Ru∗ω
•
Pˆ
(ǫ∗E).
Next, by Proposition 2.28, we have the quasi-isomorphism
Ru∗ω
•
Pˆ
(ǫ∗E) = Ru∗jPˆ,∗(φ
∗
Pˆ
(ω•P/Y |Pˆ)⊗ j
∗
Pˆ
ǫ∗E)
=
←− u∗jPˆ ,∗(φ
∗
Pˆ
(ω•P/Y |Pˆ)⊗ j
∗
Pˆ
ǫ∗E) = u∗ω
•
Pˆ
(ǫ∗E).
Finally, we can prove the isomorphism (not only the quasi-isomorphism)
u˜∗ω
•
Pˆ
(ǫ∗E)
∼
= sp∗DR(]X [
log
P , E)
in the same way as [S2, 2.3.8]. Combining these, we obtain the assertion. 
We can prove the following in the same way as [S2, 2.3.9] (we omit the proof).
Corollary 2.34. Let (X,MX) be an object in (LS/B), let f : (X,MX) −→ (Y ,MY) be a
morphism in (pLFS/B) and let E be an isocrystal on (X/Y)logconv. If we take an embedding
system
(X,MX)
g
←− (X(•),MX(•))
i
→֒ (P(•),MP(•)),
we have the isomorphism
RqfX/Y ,conv∗E
∼
= Rq(f ◦ g)∗sp∗DR(]X
(•)[log
P(•)
/YK , E).
Now we would like to compare relative log convergent cohomology and relative log
crystalline cohomology when we are given a diagram as in (1.1) with f log smooth. To do
this, first we construct a functor from the category of isocrystals on relative log convergent
site to that on log crystalline site:
Proposition 2.35. Assume we are given the diagram (X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY)
as in (1.1) such that f is log smooth. Then we have the canonical functor
Φ : Iconv((X/Y)
log) −→ Icrys((X/Y)
log)
such that Φ sends locally free isocrystals on (X/Y)logconv to locally free isocrystals on (X/Y)
log
crys.
Proof. We only sketch the outline because the proof is similar to [S1, 5.3.1] (although the
proof here is much simpler.)
First we assume that (X,MX) admits a closed immersion (X,MX) →֒ (P,MP) into a p-
adic fine log formal B-scheme which is formally log smooth over (Y ,MY) and we construct
a functor Ψ : Iconv((X/Y)log) −→ HPDI((X →֒ P/Y)log). Denote the (i + 1)-fold fiber
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product of (P,MP) over (Y ,MY) by (P(i),MP(i)) and let (P(i)
ex,MP(i)ex) be the exact-
ification of the closed immersion (X,MX) →֒ (P(i),MP(i)). Put I(i) := Ker(OP(i)ex −→
OX), let Bn(i) be the formal blow-up of P(i)
ex with respect to the ideal pOP(i)ex + I(i)
n,
let T ′n(i) be the open sub formal scheme of Bn(i) defined as the set of points x ∈ Bn(i) sat-
isfying (pOP(i)ex + I(i))OBn(i),x = pOBn(i),x and let Tn(i) be the closed sub formal scheme
of Tn(i) defined by the ideal {x ∈ OTn(i) | p
nx = 0 for some n > 0}. (Then {Tn(i)}n is a
system of universal enlargements of the pre-widening ((P(i),MP(i)), (X,MX)). See Def-
inition 2.12.) On the other hand, let D(i) be the p-adically completed log PD-envelope
of (X,MX) in (P(i),MP(i)). Then, if Ker(OPex(i) −→ OX) is generated by m elements
(i = 0, 1, 2), there exist canonical diagrams D(i) −→ T ′n(i) ←֓ Tn(i) (i = 0, 1, 2) for n =
(p− 1)m+1, where the second map is the canonical closed immersion. Since we have the
canonical equivalences of categories Coh(Q ⊗ OTn(i)) ∼= Coh(Q ⊗ OT ′n(i)), we can define,
by the ‘pull-back by D(i) −→ T ′n(i)’, the functor
Ψ : Iconv((X/Y)
log)
∼
−→ Str′′((X →֒ P/Y)log) −→ HPDI((X →֒ P/Y)log).
Next we construct the desired functor Φ in general case. Take an embedding system
(X,MX)
g(•)
←− (X(•),MX(•))
i
→֒ (P(•),MP(•))
over (X,MX)/(Y ,MY) such thatX
(0) is affine, (P(0),MP(0))×(Y ,MY)(Y,MY ) = (X
(0),MX(0))
holds and that g is a Zariski Cˇech hypercovering. (The existence of such an embed-
ding system follows from [Ka, 3.14].) Let ∆conv be the category of descent data on
Iconv((X
(i)/Y)log) (i = 0, 1, 2) (that is, the category of objects in Iconv((X(0)/Y)log) en-
dowed with isomorphism of glueing in Iconv((X
(1)/Y)log) satisfying the cocycle condition in
Iconv(X
(2)/Y)log).) Similarly, let ∆crys be the category of descent data on Icrys((X
(i)/Y)log)
(i = 0, 1, 2) and let ∆HPDI be the category of descent data on HPDI((X
(i) →֒ P(i)/Y)log)
(i = 0, 1, 2). Then we have the diagram
∆conv
Ψ
−→ ∆HPDI
Λ
←− ∆crys
and Λ is an equivalence of categories because the functor
Icrys((X
(n)/Y)log) −→ HPDI((X(n) →֒ P(n)/Y)log)
is an equivalence of catogories if n = 0 and fully faithful in general. (See Proposition 1.22
and the paragraph before it.) So we can define the desired functor Φ by
Φ : Iconv((X/Y)
log)
∼
−→ ∆conv
Ψ
−→ ∆HPDI
Λ−1
−→ ∆crys
∼
−→ Icrys((X/Y)
log).
We can also check that the functor Φ defined above is independent of the choice of the
embedding system chosen above, by a standard argument (cf. [S1, 5.3.1 Step 3]). Hence
we have constructed the functor Φ. It is easy to see that Φ preserves the local freeness.
So we are done. 
Now we prove the comparison theorem between relative log convergent cohomology
and relative log crystalline cohomology. Assume we are given the diagram (1.1) such that
f is log smooth and assume for the moment that (X,MX) admits a closed immersion
(X,MX) →֒ (P,MP) into a p-adic fine log formal B-scheme which is formally log smooth
over (Y ,MY). Let E be an isocrystal on (X/Y)logconv and let Φ(E) be the associated isocrys-
tal on (X/Y)logcrys. Then we have the log de Rham complex DR(]X [
log
P /YK , E) on ]X [
log
P
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associated to E . On the other hand, if we denote the p-adically completed log PD-envelope
of (X,MX) →֒ (P,MP) by (D,MD), we have the log de Rham complex DR(D/Y ,Φ(E))
associated to Φ(E). Moreover, by the same method as [S2, 3.1.3], we have the canonical
morphism of complexes
sp∗DR(]X [
log
P /YK, E) −→ DR(D/Y ,Φ(E)).
Since we have the quasi-isomorphisms Rf∗sp∗DR(]X [
log
P /YK , E) = RfX/Y ,conv∗E and Rf∗
DR(D/Y ,Φ(E)) = RfX/Y ,crys∗Φ(E), we have the map RfX/Y ,conv∗E −→ RfX/Y ,crys∗Φ(E) in
this case. Even if (X,MX) does not admit the closed immersion (X,MX) →֒ (P,MP) as
above, we can define the map RfX/Y ,conv∗E −→ RfX/Y ,crys∗Φ(E) by taking an embedding
system. Then we have the following:
Theorem 2.36. Assume we are given the diagram (1.1) with (X,MX) log smooth over
(Y,MY ) and let E be a locally free isocrystal on (X/Y)logconv. Then the homomorphism
RfX/Y ,conv∗E −→ RfX/Y ,crys∗Φ(E)
defined above is a quasi-isomorphism.
Proof. It suffices to prove that, under the condition of the existence of the closed im-
mersion (X,MX) →֒ (P,MP) as above, the homomorphism Rf∗sp∗DR(]X [
log
P /YK, E) −→
Rf∗DR(D/Y ,Φ(E)) is a quasi-isomorphism. We can reduce it to the case where (P,MP)×
(Y ,MY)(Y,MY ) = (X,MX) holds, because both hand sides are known to be independent
of the choice of the closed immersion (X,MX) →֒ (P,MP) up to quasi-isomorphism. In
this case, the both hand sides are the same. 
As a corollary, we have the following, which are the starting points of the argument in
the next section:
Corollary 2.37. Assume we are given the diagram
(X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY),
where f is a proper log smooth integral morphism in (LS/B), (Y ,MY) is an object in
(pLFS/B) and ι is the exact closed immersion defined by the ideal sheaf pOY . Then, for
a locally free isocrystal E on (X/Y)logconv, RfX/Y ,conv∗E is a perfect complex of Q ⊗Z OY-
modules on YZar.
Proof. It is immediate from Theorems 1.16 and 2.36. 
Corollary 2.38. Assume we are given a diagram
(X ′,MX′) −−−→ (Y ′,MY ′) −−−→ (Y ′,MY ′)y y ϕy
(X,MX)
f
−−−→ (Y,MY )
ι
−−−→ (Y ,MY),
(2.8)
where f is a proper log smooth integral morphism in (LS/B), ι is the exact closed immer-
sion defined by the ideal sheaf pOY and the squares are Cartesian. Then, for a locally free
isocrystal E on (X/Y)logconv, we have the quasi-isomorphism
Lϕ∗RfX/Y ,conv∗E
∼
−→ RfX′/Y ′,conv∗ϕ
∗E .
Proof. It is immediate from Theorems 1.19 and 2.36. 
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3. Relative log convergent cohomology (II)
Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY),(3.1)
where f is a proper log smooth integral morphism in (LS/B), (Y ,MY) is an object in
(pLFS/B) and ι is a homeomorphic exact closed immersion in (pLFS/B). In this section,
we prove the coherence and the base change property of relative log convergent cohomology
of (X,MX) over (Y ,MY) when ‘f has log smooth parameter’ (for definition, see Definition
3.4). Note that, in the above situation, ι is not assumed to be defined by pOY . So ι does
not necessarily admit a PD-structure. Nevertheless, we can prove them by reducing to
Corollaries 2.37, 2.38 (that is, the case where ι admits canonical PD-structure).
The first proposition we need is the topological invariance of the category of isocrystals
on log convergent site and that of relative log convergent cohomology.
Proposition 3.1. Assume we are given an object (Y ,MY) in (pLFS/B) and a homeo-
morphic exact closed immersion i : (X1,MX1) →֒ (X2,MX2) in (LS/B) over (Y ,MY).
Then:
(1) The restriction functor
Iconv((X2/Y)
log) −→ Iconv((X1/Y)
log)
is an equivalence of categories.
(2) For E ∈ Iconv((X2/Y)log), the restriction
RfX2/Y ,conv∗E−→RfX1/Y ,conv∗i
∗E
is a quasi-isomorphism.
Proof. To prove (1), we may assume the existence of the closed immersion (X2,MX2) →֒
(P,MP) into a p-adic fine log formal scheme (P,MP) which is formally log smooth over
(Y ,MY). Let (P(i),MP(i)) be the (i + 1)-fold fiber product of (P,MP) over (Y ,MY).
Then, since the natural morphism ]X1[
log
P(i)−→]X2[
log
P(i) is an isomorphism by definition of
log tubular neighborhood, the restriction functor
Str′′((X2 →֒ P/Y)
log) −→ Str′′((X1 →֒ P/Y)
log)
is an equivalence of categories. The assertion (1) follows from this.
Let us prove the assertion (2). Take an embedding system
(X2,MX2)←− (X
(•)
2 ,MX(•)2
) →֒ (P(•),MP(•))
of (X2,MX2)/(Y ,MY) and put (X
(•)
1 ,MX(•)1
) := (X
(•)
2 ,MX(•)2
) ×(X2,MX2) (X1,MX1). Then
the diagram
(X1,MX1)←− (X
(•)
1 ,MX(•)1
) →֒ (P(•),MP(•))
is also an embedding system. Then, since the natural morphism ]X
(•)
1 [
log
P(•)
−→]X(•)2 [
log
P(•)
is
an isomorphism, we have the isomorphism of the associated log de Rham complexes
DR(]X
(•)
2 [
log
P(•)
/YK , E)
=
−→ DR(]X(•)1 [
log
P(•)
/YK , i
∗E).
The assertion of the lemma follows from this and Corollary 2.34. 
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By combining Proposition 3.1 and Corollaries 2.37, 2.38, we immediately obtain the
following:
Corollary 3.2. Assume we are given the diagram (3.1) and a locally free isocrystal E on
(X/Y)logconv. Put (Y1,MY1) := (Y ,MY) ⊗Zp Z/pZ and assume that there exists a proper
log smooth integral morphism (X1,MX1) −→ (Y1,MY1) satisfying (X1,MX1) ×(Y1,MY1)
(Y,MY ) = (X,MX). Then RfX/Y ,conv∗E is a perfect complex of Q⊗Z OY-modules.
Corollary 3.3. Assume we are given a diagram
(X ′,MX′) −−−→ (Y ′,MY ′) −−−→ (Y ′,MY ′)y y ϕy
(X,MX) −−−→ (Y,MY ) −−−→ (Y ,MY),
(3.2)
where the horizontal lines are as in the diagram (3.1) and the left square is Cartesian.
Let (Y1,MY1) := (Y ,MY) ⊗Zp Z/pZ and assume that there exists a proper log smooth
integral morphism (X1,MX1) −→ (Y1,MY1) satisfying (X1,MX1) ×(Y1,MY1 ) (Y,MY ) =
(X,MX). Then, for a locally free isocrystal E on (X/Y)logconv, we have the canonical quasi-
isomorphism
Lϕ∗RfX/Y ,conv∗E
∼
−→ RfX′/Y ′,conv∗ϕ
∗E .
Now we introduce the notion of ‘having log smooth parameter’:
Definition 3.4. We say that a proper log smooth integral morphism f : (X,MX) −→ (Y,
MY ) of fine log B-schemes has log smooth parameter in strong sense (over (B,MB)), if
there exists a diagram of fine log formal B-schemes
(X,MX) ←−−− (X ′,MX′) −−−→ (X0,MX0)
f
y f ′y f0y
(Y,MY )
g
←−−− (Y ′,MY ′)
g′
−−−→ (Y0,MY0),
(3.3)
where two squares are Cartesian, g is strict etale and surjective, f0 is proper log smooth
integral and (Y0,MY0) is log smooth over (B,MB). We say a proper log smooth morphism
f : (X,MX) −→ (Y,MY ) of fine log B-schemes has log smooth parameter if we have a
decomposition X :=
∐
iXi into open and closed subschemes such that the composite
(Xi,MX |Xi) →֒ (X,MX)
f
−→ (Y,MY )
has log smooth parameter in strong sense for each i.
Remark 3.5. (1) Let f : (X,MX) −→ (Y,MY ) be a morphism of fine log B-schemes
having log smooth parameter. Then any base change of f in the category (LS/B)
also has log smooth parameter.
(2) If Let f : (X,MX) −→ (Y,MY ) is a morphism of fine log B-schemes having log
smooth parameter in strong sense, we can take a diagram (3.3) with Y0 affine.
Then we have the following theorem, which is one of the main results in this section:
Theorem 3.6. Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY),(3.4)
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where f is a proper log smooth integral morphism having log smooth parameter in (LS/B)
and ι is a homeomorphic exact closed immersion in (pLFS/B). Then, for a locally free
isocrystal E on (X/S)logconv, RfX/Y ,conv∗E is a perfect complex of Q⊗Z OY-modules.
Lemma 3.7. Let the notation be as in Theorem 3.6 and assume moreover that f has log
smooth parameter in strong sense. Then there exists a strict etale surjective morphism
ϕ : (Y ′′,MY ′′) −→ (Y ,MY) such that, if we denote the base change of the diagram (3.4)
by ϕ by
(X ′′,MX′′) −→ (Y
′′,MY ′′)
ι′′
→֒ (Y ′′,MY ′′)
and if we put (Y ′′1 ,MY ′′1 ) := (Y
′′,MY ′′) ⊗Zp Z/pZ, there exists a proper log smooth in-
tegral morphism (X ′′1 ,MX′′1 ) −→ (Y
′′
1 ,MY ′′1 ) satisfying (X
′′
1 ,MX′′1 ) ×(Y ′′1 ,MY ′′
1
) (Y
′′,MY ′′) =
(X ′′,MX′′).
Proof. Let us take a diagram (3.3) with Y0 affine and let (Y
′,MY ′) be the fine log formal B-
scheme which is strict formally etale over (Y ,MY) satisfying (Y ′,MY ′)×(Y ,MY) (Y,MY ) =
(Y ′,MY ′). Then, since Y0 is affine and (Y0,MY0) is log smooth over (B,MB), we can
lift (Y0,MY0) to a fine log formal B-scheme (Y0,MY0) which is formally log smooth over
(B,MB). Then, by the infinitesimal lifting property of log smooth morphism, there exists
a strict etale surjective morphism ψ : (Y ′′,MY ′′) −→ (Y ′,MY ′) and a morphism h :
(Y ′′,MY ′′) −→ (Y0,MY0) which fits into the commutative diagram
(Y ′′,MY ′′)
ι′′
−−−→ (Y ′′,MY ′′)y hy
(Y0,MY0)
⊂
−−−→ (Y0,MY0),
where ι′′ denotes the base change of ι by the composite
(Y ′′,MY ′′)
ψ
−→ (Y ′,MY ′) −→ (Y ,MY)
(which we denote by ϕ) and the left vertical arrow is the composite
(Y ′′,MY ′′) = (Y
′′,MY ′′)×(Y ,MY) (Y,MY )
ψ×id
−→ (Y ′,MY ′) = (Y
′,MY ′)
g′
−→ (Y0,MY0).
Then, if we denote the base change of
(X0,MX0) −→ (Y0,MY0) −→ (Y0,MY0)
by h by
(X ′′1 ,MX′′1 ) −→ (Y
′′
1 ,MY ′′1 ) −→ (Y
′′,MY ′′),
we have (Y ′′1 ,MY ′′1 ) = (Y
′′,MY ′′)⊗ZpZ/pZ and (X
′′
1 ,MX′′1 )×(Y ′′1 ,MY ′′
1
)(Y
′′,MY ′′) = (X
′′,MX′′).
So we are done. 
Proof of Theorem 3.6. We may assume that X has log smooth parameter in strong sense.
By Lemma 3.7, we have a strict formally etale Cˇech hypercovering ǫ : (Y (•),MY(•)) −→
(Y ,MY), such that, if we denote the base change of the diagram (3.4) by (Y
(•),MY(•)) −→
(Y ,MY) by
(X(•),MX(•)) −→ (Y
(•),MY (•)) →֒ (Y
(•),MY(•))
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and if we put (Y
(•)
1 ,MY (•)1
) := (Y (•),MY(•))⊗ZpZ/pZ, there exists a proper log smooth mor-
phism (X
(n)
1 ,MX(n)1
) −→ (Y (n)1 ,MY (n)1
) satisfying (X
(n)
1 ,MX(n)1
) ×
(Y
(n)
1 ,MY (n)
1
)
(Y (n),MY (n))
= (X(n),MX(n)) for each n ∈ N. So, if we denote the restriction of E to Iconv((X
(•)/Y (•))log)
by E (•), RfX(n)/Y(n),conv∗E
(n) is a perfect complex for each n, by Corollary 3.2.
Now we claim that the canonical morphism
RfX/Y ,conv∗E −→ Rǫ∗RfX(•)/Y(•),conv∗E
(•)
is a quasi-isomorphism. We can reduce the claim to the case where X is affine. So we
may assume that (X,MX) admits a closed immersion (X,MX) →֒ (P,MP) to a fine
log formal B-scheme (P,MP) which is formally log smooth over (Y ,MY) and satisfies
(P,MP)×(Y ,MY) (Y,MY ) = (X,MX). In this case, we have the strict formally etale Cˇech
hypercovering δ : (P(•),MP(•)) −→ (P,MP) satisfying (P
(•),MP(•)) ×(Y ,MY) (Y,MY ) =
(X(•),MX(•)) since we have Pet ≃ Xet. If we denote the morphism P −→ Y by h, we have
RfX/Y ,conv∗E = Rh∗sp∗DR(PK/YK , E),
Rǫ∗RfX(•)/Y(•),conv∗E
(•) = Rh∗Rδ∗sp
(•)
∗ DR(P
(•)
K /Y
(•)
K , E
(•)),
where sp, sp(•) is the spacialization map PK −→ P,P
(•)
K −→ P
(•), respectively. So, to
prove the claim, it suffices to show that the map
sp∗DR(PK/YK, E) −→ Rδ∗sp
(•)
∗ DR(P
(•)
K /Y
(•)
K E
(•)) = Rsp∗RδK,∗DR(P
(•)
K /Y
(•)
K , E
(•))
is a quasi-isomorphism and it is reduced to the quasi-isomorphism F
=
−→ RδK,∗δ∗KF for
a coherent sheaf F on PK . This is true by [C-T, 7.1.2]. So we proved the claim.
By the above claim, we have the spectral sequence
Es,t2 = R
sǫ∗R
tfX(•)/Y(•),conv∗E
(•) =⇒ Rs+tfX/Y ,conv∗E .
Note that RtfX(n)/Y(n),conv∗E
(n) is known to be isocoherent and that they are compatible
with respect to n by Corollary 3.3. So there exists (by etale descent of isocoherent sheaves)
an isocoherent sheaf F t on Y such that F t ⊗OY OY(•) = R
tfX(•)/Y(•),conv∗E
(•) holds. Then
we have
Rsǫ∗R
tfX(•)/Y(•),conv∗E
(•) = F t (s = 0), 0 (s > 0).
So we have RtfX/Y ,conv∗E = F
t and it is isocoherent. Moreover, RfX/Y ,conv∗E is bounded
and it has finite tor-dimension Zariski locally because so does RfX(0)/Y(0),conv∗E
(0) =
RfX(0)/Y(0),crys∗Φ(E
(0)). Therefore RfX/Y ,conv∗E is a perfect complex of Q⊗Z OY -modules.

Remark 3.8. In the above proof, we have shown the isomorphism
RqfX/Y ,conv∗E ⊗OY OY(n) = R
qfX(n)/Y(n),conv∗E
(n).
Next we prove the base change property.
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Theorem 3.9. Assume we are given a diagram
(X ′,MX′) −−−→ (Y ′,MY ′) −−−→ (Y ′,MY ′)y y ϕy
(X,MX)
f
−−−→ (Y,MY ) −−−→ (Y ,MY),
(3.5)
where the horizontal lines are as in Theorem 3.6 and the left square is Cartesian. Then,
for a locally free isocrystal E on (X/Y)logconv, we have the quasi-isomorphism
Lϕ∗RfX/Y ,conv∗E
∼
−→ RfX′/Y ′,conv∗ϕ
∗E .
Proof. We may assume that f has log smooth parameter in strong sense and it suffices
to prove the induced morphisms on cohomologies are isomorphisms etale locally. Let us
take a strict formally etale surjective morphism (Y0,MY0) −→ (Y ,MY) such that, if we
denote the base change of the bottom horizontal line in (3.5) by (Y0,MY0) −→ (Y ,MY)
by
(X0,MX0) −→ (Y0,MY0) →֒ (Y0,MY0),
there exists a proper log smooth morphism (X1,MX1) −→ (Y1,MY1) saisfying (X1,MX1)
×(Y1,MY1 ) (Y,MY ) = (X0,MX0), where (Y1,MY1) := (Y0,MY0)⊗Zp Z/pZ. Put (Y
′
0,MY ′0) :=
(Y0,MY0)×(Y ,MY ) (Y
′,MY ′), denote the projection (Y ′0,MY ′0) −→ (Y
′,MY ′) by ϕ
′, denote
the base change of the top horizontal line by ϕ′ by
(X ′0,MX′0) −→ (Y
′
0 ,MY ′0 ) →֒ (Y
′
0,MY ′0)
and denote the restriction of E to Iconv((X0/Y0)log) by E0. Then we have, by Remark 3.8,
the isomorphisms
Hq(Lϕ∗RfX/Y ,conv∗E)|Y ′0 = H
q(Lϕ′
∗
RfX0/Y0,convE0),
Hq(RfX′/Y ′,conv∗ϕ
∗E)|Y ′0 = H
q(RfX′0/Y ′0,conv∗ϕ
′∗E0).
So it suffices to prove the quasi-isomorphism
Lϕ′
∗
RfX0/Y0,convE0
∼
−→ RfX′0/Y ′0,conv∗ϕ
′∗E0,
and it follows from Corollary 3.3. 
Let us denote the category of p-adic fine log formal schemes over (B,MB) of the form∐
λ∈Λ(Xλ,Mλ) ((Xλ,Mλ) ∈ (pLFS/B)) by (pLFS/B)
′. For (X ,MX ) =
∐
λ∈Λ(Xλ,Mλ) ∈
(pLFS/B)′ with (Xλ,Mλ) ∈ (pLFS/B) (λ ∈ Λ), we put Coh(Q ⊗ OX ) :=
∏
λ∈ΛCoh(Q ⊗
OXλ). A morphism (Y
′,MY ′) −→ (Y ,MY) in (pLFS/B)
′ is said to be analytically flat if
the induced functor Coh(Q ⊗ OY) −→ Coh(Q ⊗ OY ′) is exact. Then, as a corollary of
Corollary 3.3 and Theorem 3.9, we have the following result.
Corollary 3.10. Assume we are given a diagram in (pLFS/B)
(X ′,MX′) −−−→ (Y
′,MY ′) −−−→ (Y
′,MY ′)y y ϕy
(X,MX)
f
−−−→ (Y,MY )
ι
−−−→ (Y ,MY),
where f is a proper log smooth integral morphism in (LS/B), ι is a homeomorphic exact
closed immersion and the left square is Cartesian. Let E be a locally free isocrystal on
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(X/Y)logconv and assume one of the conditions (1), (1)
′ below and one of the conditions (2),
(2)′ below are true:
(1) ϕ is analytically flat.
(1)′ RqfX/Y ,conv∗E is a locally free Q⊗Z OY-module for any q.
(2) f has log smooth parameter.
(2)′ If we put (Y1,MY1) := (Y ,MY)⊗Zp Z/pZ, there exists a proper log smooth integral
morphism (X1,MX1) −→ (Y1,MY1) satisfying (X1,MX1)×(Y1,MY1) (Y,MY ) = (X,MX).
Then we have the canonical isomorphism
ϕ∗RqfX/Y ,conv∗E
∼=−→ RqfX′/Y ′,conv∗ϕ
∗E (q ∈ N).
In the case where the condition (1) is satisfied, we call the result of Corollary 3.10 ‘the
analytically flat base change theorem’.
In the rest of this section, we give some examples of analytically flat morphisms. Let
us call a morphism (Y ′,MY ′) −→ (Y ,MY) in (pLFS/B)
′ analytically faithfully flat if the
induced functor Coh(Q⊗OY) −→ Coh(Q ⊗OY ′) is exact and faithful. First we prove a
lemma, which provides the first examples of analytically (faithfully) flat morphisms:
Lemma 3.11. (1) A morphism ϕ : (Y ′,MY ′) −→ (Y ,MY) in (pLFS/B) is analytically
flat (resp. analytically faithfully flat) if Y ′ −→ Y is flat (resp. faithfully flat).
(2) A morphism ϕ : (Y ′,MY ′) =
∐
λ∈Λ(Y
′
λ,MY ′λ) −→ (Y ,MY) in (pLFS/B)
′
is analyt-
ically flat if and only if each ϕ|(Y ′
λ
,MY′
λ
) is analytically flat.
(3) Let us assume given the commutative diagram in (pLFS/B)′
(Z ′,MZ′)
ϕ′
−−−→ (Z,MZ)
f ′
y fy
(Y ′,MY ′)
ϕ
−−−→ (Y ,MY)
and assume that f is analytically flat and that f ′ is analytically faithfully flat.
Then, if ϕ′ is analytically flat, so is ϕ.
(4) A morphism in (pLFS/B)′ of the form ϕ : (Y ′,MY ′) =
∐
λ∈Λ(Y
′
λ,MY ′λ) −→
(Y ,MY) ((Y
′
λ,MY ′λ), (Y ,MY) ∈ (pLFS/B)) is analytically flat (resp. analytically
faithfully flat) if the morphisms ϕK : Y ′λ,K −→ YK (λ ∈ Λ) induced by ϕ are admis-
sible open immersions (resp. if the morphisms ϕK : Y ′λ,K −→ YK (λ ∈ Λ) induced
by ϕ are admissible open immersions and if the morphism
∐
λ∈Λ Y
′
λ,K −→ YK is
surjective).
Proof. First we prove (1). If Y ′ −→ Y is flat, Q ⊗Z ϕ−1OY −→ Q ⊗Z OY ′ is flat and so
ϕ∗ : Coh(Q ⊗ OY) −→ Coh(Q ⊗ OY ′) is exact. We prove ϕ∗ is faithful if ϕ is faithfully
flat. To prove this, we may assume that Y ,Y ′ are in (pLFS/B). Let us take a morphism
f : Q ⊗ M −→ Q ⊗ N such that ϕ∗f : Q ⊗ ϕ∗M −→ Q ⊗ ϕ∗N is zero. It suffices
to prove that f is zero. To prove this, we may assume that f comes from a morphism
M −→ N . Then there exists a non-zero integer n such that nϕ∗f : ϕ∗M −→ ϕ∗N is
zero. Then we have nf = 0 by the fully-faithfulness of ϕ and so f = 0 as the morphism
Q⊗M −→ Q⊗N .
(2) and (3) are immediate. (4) follows from the equivalence of categories Coh(Q⊗OY) =
Coh(OYK ),Coh(Q⊗OY ′λ) = Coh(OY ′λ,K ). 
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The following proposition gives an important example of analytically flat morphisms,
which is useful in the next section:
Proposition 3.12. Assume we are given a commutative diagram
(X ′,MX′)
ι′
−−−→ (P ′,MP ′)
f
y gy
(X,MX)
ι
−−−→ (P,MP),
(3.6)
where f is a strict morphism in (LS/B), ι, ι′ are closed immersions and g is a formally log
smooth morphism in (pLFS/B). Let {(TX,m,MTX,m)}m∈N, {(TX′,m,MTX′,m)}m∈N be the sys-
tem of universal enlargements of ((P,MP), (X,MX)), ((P ′,MP ′), (X ′,MX′)) respectively
and let gm : (TX′,m,MTX′,m) −→ (TX,m,MTX,m) (m ∈ N) be the morphisms induced by g.
Then gm’s are analytically flat.
Proof. For any closed point x′ in X ′, let us put x := f(x′) and take a finite morphism of
spectra of fields x˜ −→ x such that, if we put x˜′ := x˜×xx′, x˜red is isomorphic (over x˜) to the
disjoint union of finite number of x˜’s. (This is possible because the morphism x′ −→ x
corresponds to a finite extension of fields.) Also, take a strict morphism (P˜ ,M
P˜
) −→
(P,MP) with P˜ −→ P flat which fits into the following Cartesian diagram
(x˜,MX |x˜) −−−→ (P˜,MP˜)y y
(x,MX |x) −−−→ (P,MP),
(3.7)
where the lower horizontal arrow is the composite (x,MX |x) →֒ (X,MX)
ι
−→ (P,MP).
(This is possible: Indeed, we may reduce to the case where x˜ −→ x corresponds to a mono-
genic extension and it is easy in this case.) Then let us put (P˜ ′,M ′
P˜
) := (P˜ ,M
P˜
)×(P,MP )
(P ′,MP ′).
Let {(Tx,m,MTx,m)}m∈N, {(Tx′,m,MTx′,m)}m∈N, {(Tx˜,m,MTx˜,m
)}m∈N, {(Tx˜′,m,MT
x˜′,m
)}m∈N,
{(Tx˜′
red
,m,MT
x˜′
red
,m
)}m∈N be the system of universal enlargements of (x,MX |x), (x′,MX′ |x′),
(x˜,MX |x˜), (x˜
′,MX′ |x˜′), (x˜
′
red,MX′ |x˜′
red
) in (P,MP), (P ′,MP ′), (P˜,MP˜), (P˜
′,M
P˜ ′
), (P˜ ′,M
P˜ ′
),
respectively.
First let us consider the canonical morphism
∞∐
n=m
∐
x′∈X′
Tx′,n,K −→]X
′[logP ′ .
It is surjective and each component of this map is an admissible open immersion. (In this
proof, we call such a morphism a surjective map by admissible open sets.) By pulling
back this morphism by TX′,m,K
⊂
−→]X ′[logP ′ , we obtain a surjective map by admissible open
sets
α′K :
∞∐
n=m
∐
x′∈X′
(Tx′,n ×TX′,n TX′,m)K −→ TX′,m,K
RELATIVE LOG CONVERGENT COHOMOLOGY I 39
which comes from the morphism in (pLFS/B)′
α′ :
∞∐
n=m
∐
x′∈X′
Tx′,n ×TX′,n TX′,m −→ TX′,m.
By the same argument, we obtain another surjective map by admissible open sets
αK :
∞∐
n=m
∐
x′∈X′
(Tx,n ×TX,n TX,m)K −→ TX,m,K
which again comes from the morphism in (pLFS/B)′
α :
∞∐
n=m
∐
x′∈X′
Tx,n ×TX,n TX,m −→ TX,m.
It is easy to see that the morphisms α, α′ fit into the following commutative diagram:∐∞
n=m
∐
x′∈X′ Tx′,n ×TX′,n TX′,m −−−→
∐∞
n=m
∐
x′∈X′ Tx,n ×TX,n TX,m
α′
y αy
TX′,m
gm−−−→ TX,m.
By Lemma 3.11 (4), α, α′ are analytically faithfully flat, and by Lemma 3.11 (1), (2), (3)
and the above diagram, gm is analytically flat if the map Tx′,n×TX′,n TX′,m −→ Tx,n×TX,n
TX,m (which we denote by β) is analytically flat for any n ≥ m and x′. So we are reduced
to showing that the morphism β is analytically flat.
Next, let us note that the morphisms
Tx˜′,n −→ Tx′,n, Tx˜,n −→ Tx,n
induced by (3.7) is faithfully flat: Indeed, since Tx˜′,n, Tx′,n, Tx˜,n, Tx,n are unchanged if we
shrink P and P˜ as long as P (resp. P˜) contains x (resp. x˜), we may assume that P˜ −→ P
is faithfully flat to prove this claim. In this case, the claim follows from the isomorphisms
Tx˜′,n = Tx′,n×P P˜, Tx˜,n = Tx,n×P P˜, which is true by Lemma 2.16. Hence the morphisms
γ′ : Tx˜′,n ×TX′,n TX′,m −→ Tx′,n ×TX′,n TX′,m, γ : Tx˜,n ×TX,n TX,m −→ Tx,n ×TX,n TX,m
are faithfully flat and they fit into the following commutative diagram:
Tx˜′,n ×TX′,n TX′,m −−−→ Tx˜,n ×TX,n TX,m
γ′
y γy
Tx′,n ×TX′,n TX′,m
β
−−−→ Tx,n ×TX,n TX,m.
So, by Lemma 3.11 (3), we are reduced to prove that the morphism Tx˜′,n×TX′,n TX′,m −→
Tx˜,n ×TX,n TX,m (which we denote by δ) is analytically flat.
Next let us consider the morphism
∞∐
l=n
(Tx˜′
red
,l)K −→]x˜
′[log
P˜ ′
.
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It is a surjective map by admissible open sets since we have ]x˜′red[
log
P˜ ′
=]x˜′[log
P˜ ′
. By pulling
back this morphism by (Tx˜,n ×TX′,n TX′,m)K
⊂
−→]x˜′[log
P˜ ′
, we obtain a surjective map by
admissible open sets
δ′K :
∞∐
l=n
(Tx˜′
red
,l ×T
x˜′,l
Tx˜′,n ×TX′,n TX′,m)K −→ (Tx˜,n ×TX′,n TX′,m)K
which comes from the morphism in (pLFS/B)′
δ′ :
∞∐
l=n
Tx˜′
red
,l ×T
x˜′,l
Tx˜′,n ×TX′,n TX′,m −→ Tx˜,n ×TX′,n TX′,m.
So, again by Lemma 3.11, we are reduced to showing that, for any l ≥ n ≥ m, the
composite morphism
Tx˜′
red
,l ×T
x˜′,l
Tx˜′,n ×TX′,n TX′,m
δ′
−→ Tx˜,n ×TX′,n TX′,m
δ
−→ Tx˜,n ×TX,n TX,m,
which we denote by ǫ, is analytically flat.
Now let us put S := Tx˜,n ×TX,n TX,m. Then the morphism ǫ : Tx˜′red,l ×Tx˜′,l
Tx˜′,n ×TX′,n
TX′,m −→ S is factorized as follows:
Tx˜′
red
,l ×T
x˜′,l
Tx˜′,n ×TX′,n TX′,m
−→ Tx˜′
red
,l ×T
x˜′,l
(Tx˜′,l ×T
x˜,l
Tx˜,n)×TX′,n (TX′,n ×TX,n TX,m)
= Tx˜′
red
,l ×T
x˜,l
S −→ S.
Note that the first arrow is analytically flat, since the associated morphism between rigid
analytic spaces is an admissible open immersion. Hence we are reduced to showing that
the projection Tx˜′
red
,l×T
x˜,l
S −→ S (which we denote by π) is analytically flat. Now let us
consider the following commutative diagram
(Tx˜′
red
,l ×T
x˜,l
S)K
⊂
−−−→ ]x˜′red[
log
P˜ ′
πK
y ϕy
SK
⊂
−−−→ ]x˜[log
P˜
,
where ϕ is the morphism induced by x˜′red −→ x˜
′ −→ x˜ and the horizontal arrows are
natural admissible open immersions. Since x˜′red is isomorphic to the disjoint union of
finite number of x˜’s and (P˜ ′,M
P˜ ′
) −→ (P˜ ,M
P˜
) is formally log smooth, there exists an
isomorphism ]x˜′red[
log
P˜ ′
∼=
∐n
i=1]x˜[
log
P˜
×Dri for some n, ri ∈ N such that ϕ is identified with
the projection
n∐
i=1
]x˜[log
P˜
×Dri −→
n∐
i=1
]x˜[log
P˜
−→]x˜[log
P˜
via this isomorphism. Then the morphism πK factors as
(Tx˜′
red
,l ×T
x˜,l
S)K
⊂
−→ ϕ−1(SK) =
n∐
i=1
SK ×D
ri −→ SK ,
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where the first map is an admissible open immersion and the second map is the projection.
So it is easy to see that the functor
Coh(Q⊗OS) = Coh(OSK )
ǫ∗K−→ Coh(O(T
x˜′
red
,l
×T
x˜,l
S)K ) = Coh(Q⊗OT
x˜′
red
,l
×T
x˜,l
S),
which is the same as ǫ∗, is exact. So we have proved that ǫ is analytically flat and so we
are done. 
4. Relative log analytic cohomology
In this section, first we introduce a rigid analytic variant of relative log convergent
cohomology, which we call relative log analytic cohomology. It is regarded as a relative
version of analytic cohomology introduced in [S2]. Then we will prove a relation between
relative log convergent cohomology and relative log analytic cohomology for proper log
smooth integral morphisms having log smooth parameter. This implies the coherence
of relative log analytic cohomology. After that, we prove the existence of a canonical
structure of an isocrystal on relative log analytic cohomology.
First we give a definition of relative log analytic cohomology.
Definition 4.1. Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY),(4.1)
where f is a morphism in (LS/B) and ι is a closed immersion in (pLFS/B), and let E be
an isocrystal on (X/Y)logconv. Take an embedding system over Y
(X,MX)
g
←− (X(•),MX(•))
i
→֒ (P(•),MP(•)),(4.2)
let E (•) be the restriction of E to (X(•),MX(•)), let DR(]X
(•)[log
P(•)
/YK, E (•)) be the log de
Rham complex associated to E (•) and let h be the morphism ]X(•)[log
P(•)
−→]Y [logY induced by
the embedding system (4.2). Then we define RfX/Y ,an∗E , RqfX/Y ,an∗E by
RfX/Y ,an∗E := Rh∗DR(]X
(•)[log
P(•)
/YK , E
(•)), RqfX/Y ,an∗E := R
qh∗DR(]X
(•)[log
P(•)
/YK, E
(•))
and we call RqfX/Y ,an∗E the q-th relative log analytic cohomology of (X,MX)/(Y ,MY)
with coefficient E . It is a sheaf of O]Y [log
Y
-modules.
Remark 4.2. With the above notation, let {(Ym,MYm)}m be the system of universal
enlargements of ((Y ,MY), (Y,MY ), ι, id) and denote the base change of the diagrams (4.1),
(4.2) by (Ym,MYm) −→ (Y ,MY) by
(Xm,MXm) −→ (Ym,MYm) →֒ (Ym,MYm),(4.3)
(Xm,MXm)←− (X
(•)
m ,MX(•)m
) →֒ (P(•)m ,MP(•)m ),(4.4)
respectively. Let Em, E (•)m be the restriction of E to (Xm,MXm), (X
(•)
m ,MX(•)m
) respec-
tively, let DR(]X(•)m [
log
P
(•)
m
/Ym,K , E (•)m ) be the log de Rham complex associated to E
(•)
m and
42 ATSUSHI SHIHO
let hm be the morphism ]X
(•)
m [
log
P
(•)
m
−→]Y [logYm= Ym,K . Then we have ]Y [
log
Y =
⋃
m Ym,K , hm =
h|
]X
(•)
m [
log
P
(•)
m
, ]X(•)m [
log
P
(•)
m
= h−1m (Ym,K) and
RqfXm/Ym,an∗Em = R
qhm∗DR(]X
(•)
m [
log
P
(•)
m
/Ym,K , E
(•)
m )
is nothing but the restriction of RqfX/Y ,an∗E to Ym,K .
In order to assure that Definition 4.1 is well-defined, we should prove the following
proposition:
Proposition 4.3. Let the notations be as in Definition 4.1. Then the definition of the
relative log analytic cohomology RqfX/Y ,an∗E of (X,MX)/(Y ,MY) with coefficient E is
independent of the choice of the embedding system.
The method of proof is similar to that of [S2, 2.2.14]. First we prove the following
descent property:
Lemma 4.4. Assume we are given the Cartesian diagram
(X(•),MX(•)) −−−→ (P
(•),MP(•))y gy
(X,MX)
ι
−−−→ (P,MP),
(4.5)
where (X,MX) is an object in (LS/B), (P,MP) is an object in (LFS/B), ι is a closed
immersion and g is a strict formally etale hypercovering. Let gK :]X
(•)[log
P(•)
−→]X [logP be
the morphism induced by g and let E be a coherent sheaf on ]X [logP . Then we have the
quasi-isomorphism
E
=
−→ RgK,∗g
∗
KE .
Proof. Let {(Pm,MPm)}m be the system of universal enlargements of the pre-widening
((P,MP), (X,MX), ι, i) and let
(X(•)m ,MX(•)m
) −−−→ (P(•)m ,MP(•)m )y gmy
(Xm,MXm)
ι
−−−→ (Pm,MPm)
be the diagram obtained by applying ×(P,MP )(Pm,MPm) to the diagram (4.5). Let gm,K :
P
(•)
m,K −→ Pm,K be the map induced by gm. Then we have
]X [logP =
⋃
m
Pm,K , ]X
(•)[log
P(•)
=
⋃
m
P(•)m,K , g
−1
K (Pm,K) = P
(•)
m,K , gm,K = gK |P(•)
m,K
.
So we have (RgK,∗g
∗
KE)|Pm,K = Rgm,K,∗g
∗
m,K(E|Pm,K ) and so it suffices to prove the quasi-
isomorphism E|Pm,K
=
−→ Rgm,K,∗g∗m,K(E|Pm,K ). This is already proven in [C-T, 7.3.3]. So
we are done. 
Next we prove a lemma which corresponds to [S2, 2.2.15]:
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Lemma 4.5. Let (X,MX) −→ (Y,MY ) →֒ (Y ,MY) as in Definition 4.1 and assume we
are given a commutative diagram over (Y ,MY)
(X,MX)
ι1−−−→ (P1,MP1)∥∥∥∥ ϕy
(X,MX)
ι2−−−→ (P2,MP2),
(4.6)
where (Pj ,MPj ) are objects in (pLFS/B) which are formally log smooth over (Y ,MY), ιj
are closed immersions (j = 1, 2) and ϕ is a formally log smooth morphism. Let ϕK :
]X [logP1−→]X [
log
P2
be the morphism induced by ϕ and let E be an isocrystal on (X/Y)logconv.
Then we have a quasi-isomorphism
DR(]X [logP2 /YK , E)
=
−→ RϕK,∗DR(]X [
log
P1
/YK , E).
Proof. For j = 1, 2, let Pexj be the exactification of the closed immersion ιj . Then it suffices
to prove the lemma Zariski locally on Pex2 . So we may assume that P
ex
1,K is isomorphic
to Pex2,K ×D
r and the morphism ϕK is equal to the projection P
ex
2,K × D
r −→ Pex2,K . Let
(t1, · · · , tr) be the coordinate of Dr and let Ω• be the complex
[OPex1,K −→
r⊕
i=1
OPex1,Kdti −→
⊕
1≤i1<i2≤r
OPex1,Kdti1 ∧ dti2 −→ · · · −→ OPex1,Kdt1 ∧ · · · ∧ dtr].
Then DR(]X [logP1 /Y , E) is equal to the total complex associated to the double complex
ϕ∗KDR(]X [
log
P2 /Y , E) ⊗OPex
1,K
Ω•. So, to prove the lemma, it suffices to prove the quasi-
isomorphism
E
≃
−→ RϕK,∗(ϕ
∗
KE ⊗OPex
1,K
Ω•) = ϕK,∗(ϕ
∗
KE ⊗OPex
1,K
Ω•) = E ⊗OPex
2,K
ϕK,∗Ω
•
for a coherent OPex
2,K
-module E. This is reduced to showing that the complex OPex
2,K
−→
ϕK,∗Ω
• is homotopic to zero. We can prove it in the same way as the proof of Lemma
2.32. 
Proof of Proposition 4.3. The proof is similar to [S2, 2.2.14].
Let
(X,MX)
gj
←− (X(•)j ,MX(•)j
)
ι
(•)
j
→֒ (P(•)j ,MP(•)j
) (j = 1, 2)
be embedding systems and denote the pull-back of E to (X(•)j /Y)
log
conv by E
(•)
j (j = 1, 2).
Put (X(m,n),MX(m,n)) := (X
(m)
1 ,MX(m)1
) ×(X,MX ) (X
(n)
2 ,MX(n)2
) and (P(m,n),MP(m,n)) :=
(P(m)1 ,MP(m)1
) ×(Y ,MY) (P
(n)
2 ,MP(n)2
). ( (X(•,•),MX(•,•)) forms a bisimplicial fine log B-
scheme and (P(•,•),MP(•,•)) forms a bisimplicial p-adic fine log formal B-scheme.) Let
ϕj,K :]X
(•,•)[log
P(•,•)
−→]X(•)j [
log
P
(•)
j
be the morphism induced by (P(•,•),MP(•,•)) −→ (P
(•)
j ,MP(•)j
)
and denote the pull-back of E to (X(•,•)/Y)logconv by E
(•,•). Then, to prove the proposition,
it suffices to show the quasi-isomorphisms
DR(]X
(•)
j [
log
P
(•)
j
/YK , E
(•)
j )
∼
= Rϕj,K,∗DR(]X
(•,•)[log
P(•,•)
/YK , E
(•,•)) (j = 1, 2),
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and it suffice to treat the case j = 1. Let us fix n ∈ N and let ϕ(n)K :]X
(n,•)[log
P(n,•)
−→
]X(n)[log
P
(n)
1
be the morphism induced by the first projection (P(n,•),MP(n,•)) −→ (P
(n)
1 ,MP(n)1
).
Then, to prove the above quasi-isomorphism (for j = 1), it suffices to prove the quasi-
isomorphism
DR(]X
(n)
1 [
log
P
(n)
1
/YK, E
(n)
1 )
∼
= Rϕ
(n)
K,∗DR(]X
(n,•)[log
P(n,•)
/YK , E
(n,•)).(4.7)
In the following, we give a proof of the quasi-isomorphism (4.7). Let Pˆ(n)1 be the formal
completion of P(n)1 along X
(n)
1 , put MPˆ(n)1
:= M
P
(n)
1
|
Pˆ
(n)
1
and let hn : (Pˆ
(n,•)
1 ,MPˆ(n,•)) −→
(Pˆ(n)1 ,MPˆ(n)1
) be the unique strict formally etale hypercovering satisfying
(Pˆ(n,•),MPˆ(n,•))×(Pˆ(n)1 ,MPˆ(n)
1
)
(X
(n)
1 ,MX(n)1
)
∼
= (X(n,•),MX(n,•)).
Let (P˜(n,m),M
P˜(n,m)
) be (P(n,•),MP(n,•)) ×(Y ,MY) (Pˆ
(n,•)
1 ,MPˆ(n,•)1
). Then we have the fol-
lowing diagram:
(X
(n)
1 ,MX(n)1
)
gn←−−− (X(n,•),MX(n,•)) (X
(n,•),MX(n,•)) (X
(n,•),MX(n,•))y y y y
(Pˆ(n)1 ,MPˆ(n)1
)
hn←−−− (Pˆ(n,•)1 ,MPˆ(n,•)1
)
pr
(•)
1←−−− (P˜(n,•),M
P˜(n,•)
)
pr
(•)
2−−−→ (P(n,•),MP(n,•)),
where the vertical arrows are the canonical closed immersions. Then, by the claim shown
in [S2, p.81], Zariski locally on X(n,m) there exists an exact closed immersion
(X(n,m),MX(n,m)) →֒ (P
(n,m)
1 ,MP(n,m)1
)
of (X(n,m),MX(n,m)) into an object in (pLFS/B) which is strict formally etale over (P
(n)
1 ,
M
P
(n)
1
) such that (Pˆ(n,m)1 ,MPˆ(n,m)1
) is nothing but the completion of (P(n,m)1 ,MP(n,m)1
) along
(X(n,m),MX(n,m)). Then we have the canonical isomorphism P
(n,m),ex
1
∼= Pˆ
(n,m),ex
1 of ex-
actifications. On the other hand, if we put (P
(n,m)
,M
P
(n,m)) := (P
(n,m)
1 ,MP(n,m)1
) ×(Y ,MY)
(P(n,m),MP(n,m)), we have the canonical isomorphism P
(n,m),ex ∼= P˜(n,m),ex. So, by Remark
2.23, we can define log de Rham complexes
DR(]X(n,•)[log
Pˆ
(n,•)
1
/YK , E
(n,•)) =: D̂R
(n,•)
1 , DR(]X
(n,•)[log
P˜(n,•)
/YK , E
(n,•)) =: D˜R
(n,•)
.
Put DR(n,•) := DR(]X(n,•)[log
P(n,•)
/YK , E (n,•)),DR
(n)
1 := DR(]X
(n)
1 [
log
P
(n)
1
/YK , E (n)). Then the
proof of the isomorphism (4.7) is reduced to the three quasi-isomorphisms
Rpr
(•)
1,K,∗D˜R
(n,•)
= D̂R
(n,•)
1 , Rpr
(•)
2,K,∗D˜R
(n,•)
= D̂R
(n,•)
, Rhn,K,∗D̂R
(n,•)
1 = DR
(n)
1 .
The first and the second quasi-isomorphisms follow from Lemma 4.5 and the fact that the
morphisms
pr
(m)
1 : (P˜
(n,m),M
P˜(n,m)
) −→ (Pˆ(n,m)1 ,MPˆ(n,m)1
),
pr
(m)
2 : (P˜
(n,m),M
P˜(n,m)
) −→ (Pˆ(n,m),MPˆ(n,m))
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are locally the completions of the formally log smooth morphisms
(P
(n,m)
,M
P
(n,m)) −→ (P
(n,m)
1 ,MP(n,m)1
),
(P
(n,m)
,M
P
(n,m)) −→ (P(n,m),MP(n,m)),
respectively. The third quasi-isomorphism follows from Lemma 4.4. So we are done. 
The next theorem establishes the relation of relative log convergent cohomology and
relative log analytic cohomology:
Theorem 4.6. Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY),(4.8)
where f is a proper log smooth integral morphism having log smooth parameter in (LS/B)
and ι is a homeomorphic exact closed immersion in (pLFS/B). Then, for a locally free
isocrystal E on (X/Y)logconv and q ≥ 0, R
qfX/Y ,an∗E is a coherent sheaf on ]Y [
log
Y = YK and
we have the isomorphism sp∗R
qfX/Y ,an∗E = R
qfX/Y ,conv∗E .
Proof. By definition of relative log analytic cohomology and relative log convergent coho-
mology, we have the quasi-isomorphism
RfX/Y ,conv∗E = R sp∗RfX/Y ,an∗E .
So we have the spectral sequence
Es,t2 = R
ssp∗R
tfX/Y ,an∗E =⇒ R
s+tfX/Y ,conv∗E .
Now we prove the theorem by induction on q. Assume the theorem is true up to q − 1.
Then we have Rssp∗R
tfX/Y ,an∗E = 0 for s > 0, t < q. So we have
sp∗R
qfX/Y ,an∗E = R
qfX/Y ,conv∗E .(4.9)
Now let us take a strict morphism (Y ′,MY ′) −→ (Y ,MY) such that the induced morphism
Y ′K −→ YK is an affinoid admissible open immersion and denote the base change of (4.8)
by the morphism (Y ′,MY ′) −→ (Y ,MY) by
(X ′,MX′)−→(Y
′,MY ′)
ι
→֒ (Y ′,MY ′).(4.10)
Let us denote the restriction of E to Iconv((X
′/Y ′)log) by E ′. Then we have, by the above
argument and analytically flat base change theorem of relative log convergent cohomology,
the isomorphism
sp∗((R
qfX/Y ,an∗E)|Y ′K) = R
qfX′/Y ′,conv∗E
′ = RqfX/Y ,conv∗E ⊗OY OY ′.
So RqfX/Y ,an∗E is the sheaf ofOYK -modules whose value at Y
′
K is equal to Γ(Y
′, RqfX/Y ,conv∗
E ⊗OY OY ′) for any affinoid admissible open set of the form Y
′
K ⊆ YK . This shows that
RqfX/Y ,an∗E is the coherent sheaf on YK induced by RqfX/Y ,conv∗E . So the assertion is
proved. 
Corollary 4.7. Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
ι
→֒ (Y ,MY),(4.11)
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where f is a proper log smooth integral morphism having log smooth parameter in (LS/B)
and ι is a closed immersion in (pLFS/B). Then, for a locally free isocrystal E on
(X/Y)logconv, R
qfX/Y ,an∗E is a coherent sheaf on ]Y [
log
Y .
Proof. By the argument in Remark 4.2, we can reduce to the case where ι is a homeo-
morphic exact closed immersion, and in this case, the claim is already proven in Theorem
4.6. 
Next we prove the existence of a structure of isocrystal on relative log analytic cohomol-
ogy. To prove this, first we discuss a structure of an isocrystal on relative log convergent
cohomology.
Theorem 4.8. Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
g
−→ (S,MS),
where f is a proper log smooth integral morphism having log smooth parameter in (LS/B)
and g is a morphism in (pLFS/B). Then, for a locally free isocrystal E in Iconv((X/S)
log)
and a non-negative integer q, there exists a unique isocrystal F on (Y/S)logconv satisfying the
following condition: For any pre-widening Z := ((Z,MZ), (Z,MZ), i, z) such that z is a
strict morphism and that (Z,MZ) is formally log smooth over (S,MS), the restriction of F
to Iconv((Z/S)log) ∼= Str
′((Z →֒ Z/S)log) is functorially given by {(RqfX×Y Zn/Tn(Z),conv∗E ,
ǫn)}n, where {Tn(Z)}n := {((Tn(Z),MTn(Z)), (Zn,MZn))}n is the system of universal en-
largements of Z and ǫn is the isomorphism
p∗2,nR
qfX×Y Zn/Tn(Z),conv∗E
≃
→ RqfX×Y Z(1)n/Tn(Z(1)),conv∗E
≃
← p∗1,nR
qfX×Y Zn/Tn(Z),conv∗E .
(Here (Z(1),MZ(1)) := (Z,MZ)×(S,MS) (Z,MZ),
{Tn(Z(1))}n := {((Tn(Z(1)),MTn(Z(1))), (Z(1)n,MZ(1)n))}n
is the system of universal enlargements of ((Z(1),MZ(1)), (Z,MZ)) and pi,n is the mor-
phism (Tn(Z(1)),MTn(Z(1))) −→ (Tn(Z),MTn(Z)) induced by the i-th projection.)
Proof. First let us define F in the case where there exists a closed immersion (Y,MY )
ι
→֒
(P,MP) in (pLFS/B) over (S,MS) such that (P,MP) is formally log smooth over (S,MS).
Let (P(i),MP(i)) (i = 0, 1, 2) be the (i + 1)-fold fiber product of (P,MP) over (S,MS).
Let {Tn(P(i))} := {((Tn(P(i)),MTn(P(i))), (Zn(i),MZn(i)))}n be the system of universal
enlargements of ((P(i),MP(i)), (Y,MY )) and let us put Fn(i) := R
qfX×Y Zn(i)/Tn(P(i)),conv∗E .
Let us note first that the transition morphisms (Tn(P(0)),MTn(P(0))) −→ (Tn′(P(0)),
MTn′ (P(0))) (n < n
′) are analytically flat by Lemma 3.11 (2). So, by analytically flat base
change theorem, the family {Fn(0)}n defines a compatible family of isocoherent sheaves
on {Tn(P(0))}n. Let us note next that the projections (Tn(P(i + 1)),MTn(P(i+1))) −→
(Tn(P(i)),MTn(P(i))) are analytically flat by Proposition 3.12. So, again by analytically
flat base change theorem, {Fn(1)}n and {Fn(2)}n induces a structure of compatible family
of stratifications on {Fn(0)}n. In this way, {Fn(i)}n,i induces an object F in Str
′((Y
→֒ P/S)log) = Iconv((Y/S)log).
Now we define the isocrystal F in general case. Take an embedding system
(Y,MY )
g
←− (Y (•),MY (•))→֒(P
(•),MP(•))(4.12)
such that g is a strict formally etale Cˇech hypercovering and that (P(i),MP(i)) is the (i+1)-
fold fiber product of (P(0),MP(0)) over (S,MS). Then, by the construction in the previous
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paragraph for (Y (i),MY (i)) →֒ (P
(i),MP(i)), we have F
(i) ∈ Iconv((Y (i)/S)log) (i = 0, 1, 2)
and they are compatible thanks to Proposition 3.12 and analytically flat base change
theorem. So, by etale descent of isocrystals on relative log convergent site, {F (i)}i=0,1,2
descents to an isocrystal F on (Y/S)logconv.
Note that the isocrystal F constructed in the previous paragraph satisfies the required
property for Z = ((P(i),MP(i)), (Y
(i),MY (i))) (i = 0, 1, 2). By etale descent for isocrystals
on relative log convergent site, this property characterizes F . So we have proved the
uniqueness of F .
Next, let us take a pre-widening Z := ((Z,MZ), (Z,MZ), i, z) as in the statement of
the theorem and we check the required property for F . Let us consider the following
diagram of functors
Iconv((Z/S)log)
g′∗
−−−→ Iconv((Z ×Y Y (•)/S)log)
z∗
x z′∗x
Iconv((Y/S)log)
g∗
−−−→ Iconv((Y (•)/S)log),
(4.13)
where Iconv((Z×Y Y (•)/S)log), Iconv((Y (•)/S)log) denotes the category of descent data with
respect to Iconv((Z ×Y Y
(n)/S)log), Iconv((Y
(n)/S)log) (n = 0, 1, 2) respectively and g∗, g′∗
(resp. z∗, z′∗) are the functors induced by g (resp. z). Then g∗, g′∗ are equivalence of
categories. Let
{Tn(Z)} = {((Tn(Z),MTn(Z)), (Zn,MZn))},
{Tn(P
(•))} = {((Tn(P
(•)),MTn(P(•))), (Y
(•)
n ,MY (•)n
))},
{Tn(Z ×P
(•))} = {((Tn(Z × P
(•)),MTn(Z×P(•))), ((Z ×Y Y
(•))n,M(Z×Y Y (•))n))}
be the system of universal enlargements of the widenings Z,P(•),Z × P(•) (the prod-
uct is taken in the category of widenings) respectively. Then, by definition, F is sent
by g∗ to the object {(Rf
X×Y Y
(•)
n /Tn(P(•)),conv∗
E , ǫY (•),n)}n (where ǫY (•),n is defined as in ǫn
in the statement of the theorem), and by analytically flat base change, it is sent by z′∗
to the object {(RfX×Y (Z×Y Y (•))n/Tn(Z×P(•)),conv∗E , ǫZ×Y Y (•),n)}n (where ǫZ×Y (•),n is also de-
fined as in ǫn in the statement of the theorem). On the other hand, we have an object
{(RqfX×Y Zn/Tn(Z),conv∗E , ǫn)}n in Iconv((Z/S)
log), and by analytically flat base change the-
orem, it is sent by g′∗ also to {(RfX×Y (Z×Y Y (•))n/Tn(Z×P(•)),conv∗E , ǫZ×Y Y (•),n)}n. So, by the
above diagram, we conclude that the restriction of F to Iconv((Z/S)log) (by z) is given by
{(RqfX×Y Zn/Tn(Z),conv∗E , ǫn)}, as required.
Finally we prove the functoriality of the above expression. Let
ϕ : Z ′ := ((Z ′,MZ′), (Z
′,MZ′), i
′, z′) −→ Z := ((Z,MZ), (Z,MZ), i, z)
be a morphism of pre-widenings such that z, z′ are strict and that (Z,MZ), (Z ′,MZ′) are
formally log smooth over (S,MS), and we put FZ := {(R
qfX×Y Zn/Tn(Z),conv∗E , ǫn)}n, FZ′
:= {(RqfX×Y Z′n/Tn(Z′),conv∗E , ǫ
′
n)}n, where Z
′
n, Tn(Z
′), ǫ′n are defined from Z
′ in analogous
way as Zn, Tn(Z), ǫn. Then, we have two isomorphisms of the form
ϕ∗FZ −→ FZ′ :(4.14)
One is the isomorphism induced by the functoriality of relative log convergent cohomol-
ogy, and the other is the isomorphism induced by the isocrystal structure of F . We should
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prove the coincidence of them. Let us put (Z ′′,MZ′′) := (Z,MZ) ×(S,MS) (Z
′,MZ′) and
denote the projections (Z ′′,MZ′′) −→ (Z,MZ), (Z ′′,MZ′′) −→ (Z ′,MZ′) by pr1, pr2,
respectively. Let γ : (Z ′,MZ′) −→ (Z
′′,MZ′′) be the graph of ϕ and put FZ′′ :=
{(RqfX×Y Z′′n/Tn(Z′′),conv∗E , ǫ
′′
n)} (where Z
′′
n, Tn(Z
′′), ǫ′′n are defined from ((Z
′′,MZ′′), (Z
′,MZ′))
in analogous way to Zn, Tn(Z), ǫn). Then we have two diagrams of the form
ϕ∗FZ = γ
∗pr∗1FZ
≃
−→ γ∗FZ′′
≃
←− γ∗pr∗2FZ′ = FZ′ :(4.15)
One is the diagram induced by the functoriality of relative log convergent cohomology,
and the other is the isomorphism induced by the isocrystal structure of F . In both cases,
the composite is equal to the isomorphism (4.14). So, to prove the coincidence of the
maps (4.14), we may replace ϕ by pri (i = 1, 2), that is, we may assume that (Z
′,MZ′) is
formally log smooth over (Z,MZ). In this case, we have the following diagram of functors
Iconv((Z
′/S)log)
g′∗
−−−→ Iconv((Z ′ ×Y Y (•)/S)log)
ϕ∗
x ϕ′∗x
Iconv((Z/S)log)
g∗
−−−→ Iconv((Z ×Y Y (•)/S)log),
where the horizontal lines are as the top horizontal line in the diagram (4.13) and ϕ∗, ϕ′∗
are induced by ϕ∗. Let us define FZ×P(•) ∈ Iconv((Z×Y Y
(•)/S)log),FZ′×P(•) ∈ Iconv((Z
′×Y
Y (•)/S)log) in the same way as FZ ,FZ′. Then we have the two commutative diagrams of
the form
g′∗FZ′ −−−→ FZ′×P(•)x x
g′∗ϕ∗FZ −−−→ ϕ′
∗FZ×P(•),
(4.16)
where the left vertical arrow is given by applying g′∗ to the maps (4.14), that is, the map in
one diagram is given by the isocrystal structure and the map in another diagram is given
by the functoriality of relative log analytic cohomology. Other arrows in the diagrams
(4.16) are given by either of them, which coincide by definition of F given above. Since
all the arrows in (4.16) are isomorphisms and g′∗ is an equivalence, we conclude from
two diagrams (4.16) that the two isomorphisms (4.14) are equal. So we have proved the
functoriality and the proof of the theorem is now finished. 
Remark 4.9. In the above situation, we do not claim that the value FZ of F on any
enlargement Z := ((Z,MZ), (Z,MZ), i, z) is given by RqfX×Y Z/Z,conv∗E . If we know that
RqfX×Y Z/Z,conv∗E is locally free for any enlargement Z := ((Z,MZ), (Z,MZ), i, z), the
equality FZ = RqfX×Y Z/Z,conv∗E holds for any enlargement Z := ((Z,MZ), (Z,MZ), i, z).
(The proof is similar to the above proof, using Corollary 3.10 under the assumption (1)’
and (2).) This is the case if (S,MS) = (Spf V, triv. log str.) (where V is a complete discrete
valuation ring of mixed characteristic (0, p) with residue field k) and MY is trivial (cf.
[O2]).
As a corollary, we have the existence of a structure of an isocrystal on relative log
analytic cohomology.
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Corollary 4.10. Assume we are given a diagram
(X,MX)
f
−→ (Y,MY )
g
−→ (S,MS),
where f is a proper log smooth integral morphism having log smooth parameter in (LS/B)
and g is a morphism in (pLFS/B). Then, for a locally free isocrystal E on Iconv((X/S)log)
and a non-negative integer q, there exists a unique isocrystal F on (Y/S)logconv such that, for
any pre-widening Z := ((Z,MZ), (Z,MZ), i, z) of (Y,MY )/(S,MS) such that z is strict
and (Z,MZ) is formally log smooth over (S,MS), F induces, via the functor
Iconv((Y/S)
log) −→ Iconv((Z/S)
log) ≃ Str′′((Z →֒ Z/S)log),
an object of the form (RqfX×Y Z/Z,an∗E , ǫ), where ǫ is the canonical isomorphism
p∗2R
qfX×Y Z/Z,an∗E
∼
→ RqfX×Y Z/Z(1),an∗E
∼
← p∗1R
qfX×Y Z/Z,an∗E .
(Here (Z(1),MZ(1)) := (Z,MZ)×(S,MS) (Z,MZ) and pi denotes the i-th projection ]Z[
log
Z(1)
−→]Z[logZ .)
Proof. It is immediate from Theorem 4.8 and the relation between relative log convegent
cohomology and relative log analytic cohomology. 
5. Relative log analytic cohomology and relative rigid cohomology
In this section, we prove a comparison theorem between relative log analytic coho-
mology and relative rigid cohomology (defined in [Be2] and [C-T]) for certain proper log
smooth integral morphism having log smooth parameter. By using it, we prove a version
of a conjecture of Berthelot on the coherence and the overconvergence of relative rigid
cohomology with coefficient in special case, that is, the case where the given situation
admits a ‘nice’ log structure. We also discuss on the Frobenius structure on relative rigid
cohomology when a given coefficient admits a Frobenius structure.
Throughout this section, we assume that the log structure MB on the base log formal
scheme B is trivial.
First let us recall some terminologies of [C-T] and the definition of relative rigid coho-
mology given in [C-T]. (See also [Be3], [S2]. Note that some notations here are different
from those in [C-T].) A pair (X,X) is, by definition, a pair of schemes X,X of character-
istic p endowed with an open immersion X →֒ X. A map of pairs f : (X,X) −→ (Y, Y )
is a morphism of schemes f : X −→ Y satisfying f(X) ⊆ Y . f is called separated of
finite type if so is f : X −→ Y . A pair (Y, Y ) over a given pair (X,X) is a pair endowed
with structure morphism (Y, Y ) −→ (X,X). In this paper, a pair is always assumed to
be a pair over (B,B) whose structure morphism is separated of finite type and all the
morphisms of pairs are assumed to be separated morphisms of finite type over (B,B).
A morphism of pairs f : (X,X) −→ (Y, Y ) is called strict if f−1(Y ) = X holds. A
triple (X,X,X ) is a pair (X,X) endowed with a p-adic formal scheme X over Zp and
a closed immersion X →֒ X over Zp. A map of triples f : (X,X,X ) −→ (Y, Y ,Y) is
defined in an obvious way. f is called separated of finite type if so is X −→ Y . A
triple (Y, Y ,Y) over a given triple (X,X,X ) is a triple endowed with structure morphism
(Y, Y ,Y) −→ (X,X,X ). In this paper, all the triples are assumed to be treiples over
(B,B,B) whose structure morphism is separated of finite type and all the morphisms of
triples are assumed to be separated morphisms of finite type over (B,B,B). For a triple
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(S, S,S) and a pair (X,X) over (S, S), an (X,X)-triple over (S, S,S) is a triple (Y, Y ,Y)
over (S, S,S) endowed with a morphism of pairs (Y, Y ) −→ (X,X) over (S, S).
Now let us assume given morphisms
f : (X,X) −→ (Y, Y ), ι : Y →֒ Y ,(5.1)
where f is a morphism of pairs and ι is a closed immersion of Y into a p-adic formal
B-scheme Y over B. Assume for the moment that the above morphism fits into a diagram
X
i
−−−→ P
f
y f ′y
Y
ι
−−−→ Y ,
(5.2)
where i is a closed immersion of X into a p-adic formal B-scheme P and f ′ is a morphism
which is formally smooth on a neighborhood of X . For n ∈ N, we denote by P(n) the
(n + 1)-fold fiber product of P over Y and by i(n) : X →֒ P(n) the natural closed
immersion induced by i. Then we can form admissible open immersions jX : ]X [P(n)→֒
]X [P(n) of tubular neighborhoods and we have the projections
pi : ]X[P(1)−→]X[P (i = 1, 2), pij : ]X[P(2)−→]X [P(1) (1 ≤ i < j ≤ 3)
and the diagonal morphism ∆ : ]X [P →֒ ]X [P(1). Then the category I
†((X,X)/YK,P)
of realization of overconvergent isocrystals of (X,X)/YK over P is defined to be the
category of pairs (E , ǫ), where E is a coherent j†O]X[P -module and ǫ is a j
†O]X[P(1)-linear
isomorphism p∗2E
∼
−→ p∗1E satisfying ∆
∗(ǫ) = id, p∗12(ǫ)◦p
∗
23(ǫ) = p
∗
13(ǫ). (This definition is
different from that given in [C-T, 10.2], but they are equivalent by [C-T, Lemma 10.2.2].)
When we are given an object E := (E , ǫ) ∈ I†((X,X)/YK,P), we can form an integrable
connection of the form E −→ E ⊗ j†XΩ
1
]X [P/YK
by using ǫ, and it induces the de Rham
complex of the form E ⊗ j†XΩ
•
]X [P/YK
, which we denote by DR†(]X [P/YK , E).
In the case where there does not necessarily have a diagram (5.2), we can always find
a diagram
X
g
←− X
(•) i(•)
→֒ P(•),(5.3)
where g is a Zariski hypercovering, i(•) is a closed immersion over Y such that each P(n) is a
p-adic formal B-scheme which is formally smooth on a neighborhood ofX(n) := X×XX
(n)
.
Then, we can form the category I†((X(•), X
(•)
)/YK,P(•)) of descent data with respect to
the categories I†((X(n), X
(n)
)/YK ,P
(n)) (n = 0, 1, 2) and it is known that this category is
independent of the choice of the diagram (5.3). The category of overconvergent isocrystals
on (X,X)/YK is defined to be this category and it is simply denoted by I†((X,X)/YK).
For an object E := (E (•), ǫ(•)) in I†((X,X)/YK) = I†((X(•), X
(•)
)/YK,P(•)), we have
the associated de Rham complex DR†(]X
(•)
[P(•)/YK , E
(•)) on ]X
(•)
[P(•). Let h be the mor-
phism ]X
(•)
[P(•)−→]Y [Y induced by f ◦ g. Then we define Rf(X,X)/Y ,rig∗E , R
qf(X,X)/Y ,rig∗E
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by
Rf(X,X)/Y ,rig∗E := Rh∗DR
†(]X
(•)
[P(•)/YK , E
(•)),
Rqf(X,X)/Y ,rig∗E := R
qh∗DR
†(]X
(•)
[P(•)/YK , E
(•)),
respectively and we call Rqf(X,X)/Y ,rig∗E the q-th relative rigid cohomology of (X,X)/Y
with coefficient E . It is a sheaf of j†YO]Y [Y -modules, where jY denotes the admissible open
immersion ]Y [Y →֒]Y [Y .
The category of overconvergent isocrystals I†((X,X)/Y) satisfies the descent property
for Zariski covering of X (it is rather easy consequence from the definition given above).
Here we give a proof of the descent property of I†((X,X)/Y) for etale covering of X :
Proposition 5.1. Assume we are given morphisms (5.1) and let X
(•)
−→ X be an etale
hypercovering. Let us put X(•) := X ×X X
(•)
and let us denote the category of descent
data with respect to the categories I†((X(n), X
(n)
)/YK) (i = 0, 1, 2) by I†((X(•), X
(•)
)/YK).
Then the restriction functor
I†((X,X)/YK) −→ I
†((X(•), X
(•)
)/YK)(5.4)
is an equivalence of categories.
Remark 5.2. In the case where (Y, Y ,Y) = (Spec k, Spec k, Spf V ) (where V is a complete
discrete valuation ring of mixed characteristic with residue field k) and X is proper over k,
this is a special case of a result of Etesse [E]. (Etesse treats the category of overconvergent
F -isocrystals, but his argument works also in the case without Frobenius structure.)
Proof. By using [SD, 3.3.4.2], one can reduce the proposition to the case where X
(•)
is the
Cˇech hypercovering associated to the etale surjective morphism X
(0)
−→ X . Since the
assertion is Zariski local on X , we may assume the existence of the diagram (5.2) such
that X and P are affine. Moreover, since one can replace X
(0)
by a Zariski refinement of
it, we may assume (by [S2, claim in p.81]) the existence of the Cartesian diagram
X
(0) i(0)
−−−→ P(0)y y
X
i
−−−→ P
(5.5)
for some affine p-adic formal B-scheme P(0) formally etale over P. Let P(•) be the Cˇech
hypercovering associated to P(0) −→ P and define A,B(•) by P = Spf A,P(•) = Spf B(•).
Let {fi}i∈I be a set of generators of the ideal Ker(A −→ Γ(X,OX)), let {gj}j∈J be a set
of generators of the ideal Ker(Γ(X,OX) −→ Γ(X − X,OX−X)) and let gj (j ∈ J) be a
lift of gj to A.
Under the above notation, first we prove that the restriction functor
(coherent j†XO]X[P -modules) −→
 compatible family of coherent
j†XO]X(n)[(n)P
-modules (n = 0, 1, 2)

(5.6)
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is an equivalence of categories. Fix a strictly increasing sequence η := {ηm} in Q ⊗Z
|K×| converging to 1. For another strictly increasing sequence ν := {νm} in Q ⊗Z |K×|
converging to 1 with νm > ηm and J
′ ⊆ J , we define
Vηm,νm,J ′ := {x ∈]X [P | |fi(x)| ≤ ηm (i ∈ I), |gj(x)| ≥ νm (j ∈ J
′)},
Vηm,νm :=
⋃
j∈J
Vηm,νm,{j}, Vη,ν :=
⋃
m
Vηm,νm
and let V
(•)
ηm,νm,J ′, V
(•)
ηm,νm, V
(•)
η,ν be the pull-back of Vηm,νm,J ′, Vηm,νm, Vη,ν by ]X
(•)[P(•)−→
]X [P . Assume given an object {E(n)}n in the right hand side (5.6). Then {E(n)}n comes
from a compatible family of coherent modules on V (n)η,ν (n = 0, 1, 2) for some ν. So we
obtain the compatible family of coherent modules {E˜(n)m,J ′}n,m,J ′ on V
(•)
ηm,νm,J ′. Now let us
note that the morphism V
(•)
ηm,νm,J ′
−→ Vηm,νm,J ′ comes from a formally etale Cˇech covering
of certain p-adic formal B-schemes. So, by rigid analytic faifufully flat descent, the family
of modules {E˜(n)m,J ′}n is obtained as the pull-back of a coherent module E˜m,J ′ on Vηm,νm,J ′
(for each m, J ′). Since the family {E˜m,J ′}m,J ′ are compatible with respect to m, J ′, it is
obtained as the pull-back of the module E˜ on Vη,ν and E := j
†E˜ is the object in the left
hand side of (5.6) which restricts to E(•). So we proved the essential surjectivity of the
functor (5.6). One can prove the full-faithfulness in the same way. So the functor (5.6) is
an equivalence of categories.
Now let us prove the proposition. Let us given an object {E(n)}n := {(E
(n), ǫ(n))}n
in I†((X(•), X
(•)
)/Y) = I†((X(•), X
(•)
)/Y ,P(•)). Then {E(n)}n defines a compatible
family of coherent j†XO]X(n)[
P(n)
-modules (n = 0, 1, 2). So it descents to a coherent
j†XO]X[P -module E. On the other hand, ǫ
(n) is an isomorphism p∗2E
(n) ≃−→ p∗1E
(n) of
j†O
]X
(n)
[
P(n)×YP
(n)
-modules and we know that {p∗iE
(n)}n (i = 1, 2) descents to the j
†
XO]X[P×YP
-
module p∗iE. Now note that ]X
(•)
[P(•)×YP(•) is isomorphic to ]X
(•)
[P×YP(•) and that the
diagram
X
(•)
−−−→ P ×Y P(•)y y
X −−−→ P ×Y P
is Cartesian. So, by the equivalence of categories (5.6) (P,P(•) replaced by P ×Y P,P ×Y
P(•) respectively), {ǫ(n)}n descents to an isomorphism ǫ : p∗2E −→ p
∗
1E of j
†
XO]X[P×YP
-
modules. In this way we obtain an object (E, ǫ) in I†((X,X)/YK). So we have shown the
essential surjectivity of the functor (5.4). The full-faithfulness can be shown in the same
way. So we have proved the assertion of the proposition. 
Now we recall the statement of the conjecture of Berthelot ([Be2]). Note that we need
some discussion here because we would like to introduce several versions of the conjecture.
First we quote [Be2, 4.3], where the conjecture is stated:
Soient S un k-sche´ma, f : X −→ S un morphisme propre et lisse: supposons pour
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simplifier que k soit parfait, et qu’il existe une compactification S →֒ S posse´dant un
plongement S →֒ T dans un sche´ma formel lisse T sur l’anneau W de vecteurs de Witt
a` coefficients dans k (par exemple si S est quasi projectif sur k). On peut alors former,
comme on l’a vu en (2.5) c), les faisceaux de cohomologie rigide relative Rqfrig∗(X/T );
Si j† est associe´ comme (2.2) a` l’inclusion ]S[T →֒]S[T , ce sont de fac¸on naturelle des
j†O]S[-modules. Je conjecture que les R
qfrig∗(X/T ) posse´dent une structure canonique de
F -cristal surconvergent (Φ e´tant induit par fonctorialite´ par le Frobenius de X). ...
(Here, Rqfrig∗(X/T ) is the relative rigid cohomology of the structure overconvergent
isocrystal on (X,X)/T , where X denotes any compactification of X over S.) In the
above form of the conjecture, X,S is assumed to be complete, the coefficient is assumed
to be trivial and the base formal scheme is assumed to be SpfW.
Next, take a triple of the form (S, S,S) and assume that we are given a diagram of
pairs
(X,X)
f
−→ (Y, Y )
g
−→ (S, S).
Then, based on [Be2, 4.3], Tsuzuki gives a generalized form of the conjecture (he calls it
Berthelot’s conjecture) in [Ts2, §4], whose statement is as follows: Assume that f : X −→
Y is proper, f−1(Y ) = X and f |X : X −→ Y is smooth. Then, for an overconvergent
(F -)isocrystal E on (X,X)/SK and q ≥ 0, ‘the q-th rigid cohomology overconvergent (F -
)isocrystal Rfrig∗E ’ on (Y, Y )/SK (for definition, see [Ts2, 3.3.1] and Remark 5.6 below)
exists. By examining the property which ‘the q-th rigid cohomology overconvergent (F -
)isocrystal’ should satisfy, we arrive at the following version of Berthelot’s conjecture,
which is stronger than the above-mentioned forms of Berthelot’s conjecture:
Conjecture 5.3. Let us take a triple of the form (S, S,S) (over (B,B,B)) and assume
we are given a diagram of pairs
(X,X)
f
−→ (Y, Y )
g
−→ (S, S)
such that f : X −→ Y is proper, f−1(Y ) = X and that f |X : X −→ Y is smooth. Then,
for an overconvergent (F -)isocrystal E on (X,X)/SK and q ≥ 0, there exists uniquely an
overconvergent (F -)isocrystal F (which is called the q-th rigid cohomology overconvergent
isocrystal) on (Y, Y )/SK satisfying the following condition: For any (Y, Y )-triple (Z,Z,Z)
over (S, S,S) with Z formally smooth over S on a neighborhood of Z, the restriction of F
to I†((Z,Z)/SK ,Z) is given functorially by (Rqf(X×Y Z,X×Y Z)/Z,rig∗
E , ǫ), where ǫ is given
by
p∗2R
qf(X×Y Z,X×Y Z)/Z,rig∗
E
≃
→ Rqf(X×Y Z,X×Y Z)/Z×SZ,rig∗
E
≃
← p∗1R
qf(X×Y Z,X×Y Z)/Z,rig∗
E .
(Here pi is the morphism ]Z[Z×SZ−→ ]Z[Z induced by the i-th projection.)
Remark 5.4. The conjecture contains the claim that the two morphisms used in the
definition of ǫ are isomorphisms.
The above conjecture is so strong that we do not know any non-trivial example for which
Conjecture 5.3 is proved. We would like to consider the following version of Berthelot’s
conjecture, which is slightly weaker than Conjecture 5.3 but strong enough to assure the
unique existence of ‘the q-th rigid cohomology overconvergent isocrystal’:
54 ATSUSHI SHIHO
Conjecture 5.5. Take a triple of the form (S, S,S) (over (B,B,B)) and assume we are
given a diagram of pairs
(X,X)
f
−→ (Y, Y )
g
−→ (S, S)
such that f : X −→ Y is proper, f−1(Y ) = X and that f |X : X −→ Y is smooth. Then
there exists a subcategory C of the category of (Y, Y )-triples over (S, S,S) such that, for
an overconvergent (F -)isocrystal E on (X,X)/SK and q ∈ N, there exists uniquely an
overconvergent (F -)isocrystal F (which is called the q-th rigid cohomology overconvergent
isocrystal) on (Y, Y )/SK satisfying the following condition: For any (Z,Z,Z) ∈ C with Z
formally smooth over S on a neighborhood of Z, the restriction of F to I†((Z,Z)/SK ,Z)
is given functorially by (Rqf(X×Y Z,X×Y Z)/Z,rig∗
E , ǫ), where ǫ is given by
p∗2R
qf(X×Y Z,X×Y Z)/Z,rig∗
E
≃
→ Rqf(X×Y Z,X×Y Z)/Z×SZ,rig∗
E
≃
← p∗1R
qf(X×Y Z,X×Y Z)/Z,rig∗
E .
(Here pi is the morphism ]Z[Z×SZ−→ ]Z[Z induced by the i-th projection.)
The difference of Conjecture 5.5 compared to Conjecture 5.3 is the introduction of the
category C: Conjecture 5.5 is weaker than Conjecture 5.3 in the sense that C need not be
equal to the category of all (Y, Y )-triples (Z,Z,Z) over (S, S,S). However, Conjecture
5.5 is strong enough because it requires the unique existence of F : In other words, the
category C must be big enough to characterize F .
Remark 5.6. In the situation of Conjecture 5.5, let us take a (Y, Y )-triple (Z,Z,Z)
over (S, S,S) such that (Z,Z) −→ (Y, Y ) is a strict Zariski open covering and that Z is
formally smooth over S on a neighborhood of Z, and let us define the category C0 as the
category of triples (Z ′, Z
′
,Z ′) over (Z,Z,Z) such that (Z ′, Z
′
) −→ (Z,Z) is a strict open
immersion and that Z ′ is formally smooth over Z on a neighborhood of Z ′. By looking
at the definition of ‘q-th rigid cohomology overconvergent isocrystal’ in [Ts2, 3.3.1], we
see that, in the conjecture given in [Ts2], Tsuzuki allows only the category of the form C0
(for some (Z,Z,Z)) as the category C in Conjecture 5.5. In this sense, Conjecture 5.5 is
slightly weaker than the conjecture given in [Ts2].
Remark 5.7. Conjecture 5.5 is proved in the case where there exists a Cartesian diagram
X
f
−−−→ Y
g
−−−→ Sy y y
P
f ′
−−−→ Y
g′
−−−→ S,
where lower horizontal lines are morphisms in (pLFS/B) such that f ′ is formally smooth
on a neighborhood of X and g′ is formally smooth on a neighborhood of Y ([Be2, Thm 5],
[Ts2, 4.1.4]). A weaker result (generic overconvergence) is proved in the case of relative
dimension 1 ([Ts2, 4.2.7]). In the case E is trivial, a result closely related to Conjecture
5.5 is proved when f : X −→ Y is an abelian scheme ([E]) and when Y is a smooth curve
([M-Tr], using [Ke1]).
The main purpose of this section is to prove Conjecture 5.5 in the case where a given
morphism f : X −→ Y admits a nice log structure such that the coefficient E extends to
X logarithmically. (For precise statement, see Theorem 5.14, Corollary 5.15.) To do this,
we should relate overconvergent isocrystals to isocrystals on log convergent site. So, we
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give some preliminary results which are needed to construct a functor from the category
of isocrystals on relative log convergent site to the category of overconvergent isocrystals.
In the following, for a sheaf of rings A on a site, we denote the category of A-modules
by Mod(A) and the category of coherent A-modules by Coh(A).
First let us assume given a diagram
(X,MX)
i
−−−→ (P,MP)y y
X −−−→ P0,
(5.7)
where the notations are as follows: (X,MX) is a fine log B-scheme, (P,MP) is a p-adic
fine log formal B-scheme and P0 is a p-adic formal B-scheme. The horizontal arrows are
closed immersions and the left vertical arrow is the ‘forgetting log’ morphism. (Here we
regard (formal) schemes naturally as fine log (formal) schemes with trivial log structures.)
Moreover, let us assume given an open immersion jX : X →֒ X satisfying jX(X) ⊆
(P,MP)triv (this implies jX(X) ⊆ (X,MX)triv) such that the morphism P −→ P0 in the
diagram (5.7) is formally etale on a neighborhood of X . Then we have a commutative
diagram
]X [logP
jlogX−−−→ ]X [logP
ψX
y ϕXy
]X [P0
jX−−−→ ]X [P0
(5.8)
induced by (5.7) and jX .
For the moment, we assume moreover that the closed immersion i admits a factorization
(∗) : (X,MX) →֒ (P
′,MP ′) −→ (P,MP),
where the first map is an exact closed immersion and the second map is formally log etale
morphism of p-adic fine log formal B-schemes. Let us recall the following:
Lemma 5.8. Under the above assumption, ψX is an isomorphism and ϕX induces an
isomorphism between some strict neighborhood of ]X [logP in ]X [
log
P and some strict neigh-
borhood of ]X [P0 in ]X [P0.
Proof. Since P −→ P0 is formally etale on a neighborhood of X , there exists an isomor-
phism of a strict neighborhood of ]X [P in ]X [P and a strict neighborhood of ]X [P0 in ]X [P0
by strong fibration theorem. So we may reduce to the case P = P0 to prove the lemma.
In this case, the upper horizontal line of (5.8) is rewritten as ]X [P ′−→]X [P ′. Since the
log structures on (P ′,MP ′) and (P,MP) are trivial on a neighborhood of X , the map
P ′ −→ P is formally etale on a neighborhood of X . So ψX is an isomorphism by weak
fibration theorem and ϕX induces an isomorphism of some strict neighborhood of ]X [P ′
in ]X [P ′ and some strict neighborhood of ]X [P in ]X [P , by strong fibration theorem. 
For two strict neighborhoods V ⊆W of ]X [P0 in ]X [P0 (resp. ]X [
log
P in ]X [
log
P ), we denote
the admissible open immersion V →֒ W by αVW (resp. α
log
VW ) and we denote αV ]X[P0
(resp.
αlog
V ]X[logP
) simply by αV (resp. α
log
V ). Then the admissible open immersions jX , j
log
X induce
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the functors j†X , j
log,†
X which are defined by j
†
X := lim−→ V αV,∗α
−1
V , j
†
X := lim−→ V α
log
V,∗α
log,−1
V . It
is known that j†X (resp. j
log,†
X ) sends O]X[P0
-modules (resp. O]X[log
P
-modules) to j†XO]X[P0
-
modules (resp. j†XO]X [log
P
-modules) and coherent O]X[P0
-modules (resp. coherent O]X[log
P
-
modules) to coherent j†XO]X[P0
-modules (resp. coherent j†XO]X[log
P
-modules). Then we
have the following:
Lemma 5.9. The functor j†X ◦ ϕX,∗ : Mod(O]X[log
P
) −→ Mod(j†XO]X [P0
) is exact and send
coherent modules to coherent modules. We have the equalities of functors
j†X ◦ ϕX,∗ = R(j
†
X ◦ ϕX,∗) = j
†
X ◦RϕX,∗ : Mod(O]X[logP
) −→ D+(Mod(j†XO]X [P0
)),
j†X = j
†
X ◦ ϕX,∗ ◦ ϕ
∗
X : Mod(O]X[P0
) −→ Mod(j†XO]X [P0
),
ϕX,∗ ◦ j
log,†
X = j
†
X ◦ ϕX,∗ : Coh(O]X[log
P
) −→ Coh(j†XO]X[P0
).
Proof. It is easy to see that the functor j†X ◦ϕX,∗ is left exact. To show the right exactness,
let us take a strict neighborhood V0 of ]X [P0 in ]X [P0 such that ϕ
−1
X (V0) is isomorphic
to V0 via ϕX . Then, for any surjection F1 −→ F2 of O]X[logP
-modules, (ϕX,∗F1)|V0 −→
(ϕX,∗F2)|V0 is surjective. Now recall that the functor lim−→ V αV,∗α
−1
V V0 (where V runs through
strict neighborhoods contained in V0) is exact ([Be3, 2.1.3]). By applying this functor, we
obtain the surjection (j†X ◦ϕX,∗)F1 −→ (j
†
X ◦ϕX,∗)F2. So j
†
X ◦ϕX,∗ is exact. Moreover, for
a coherent O]X[log
P
-module F , (ϕX,∗F)|V0 is a coherent OV0-modules and so (j
†
X ◦ϕX,∗)F =
lim−→ V αV,∗α
−1
V V0
((ϕX,∗F)|V0) is a coherent j
†
XO]X[logP
-module. So j†X ◦ ϕX,∗ sends coherent
modules to coherent modules.
The first equalities in the lemma follows from the exactness of j†X and j
†
X ◦ ϕX,∗. The
second equality of the lemma is proved as
j†X ◦ ϕX,∗ ◦ ϕ
∗
X = lim−→ V αV,∗α
−1
V ϕX,∗ϕ
∗
X
= lim−→ V αV,∗(ϕX |ϕ−1X (V )
)∗α
log,−1
ϕ−1X (V )
ϕ∗X
= lim−→ V αV,∗(ϕX |ϕ−1X (V )
)∗(ϕX |ϕ−1
X
(V ))
∗α−1V = lim−→ V αV,∗α
−1
V = j
†
X ,
where the fourth equality follows from Lemma 5.8.
Finally we prove the last equality of the lemma. The map of functors j†X ◦ ϕX,∗ −→
ϕX,∗ ◦ j
log,†
X is defined by
j†X ◦ ϕX,∗ = lim−→ V αV,∗α
−1
V ϕX,∗ = lim−→ V αV,∗(ϕX |ϕ−1X (V )
)∗α
log,−1
ϕ−1
X
(V )
= lim−→ V ϕX,∗α
log
ϕ−1
X
(V ),∗
αlog,−1
ϕ−1
X
(V )
−→ ϕX,∗ lim−→ V α
log
ϕ−1(V ),∗α
log,−1
ϕ−1(V ) = ϕX,∗ ◦ j
log,†
X .
We prove the exactness of ϕX,∗ ◦ j
log,†
X on Coh(O]X[logP
). Since ϕX is isomorphic on ϕ
−1
X (V ),
the restriction functor ϕ∗X : Coh(j
†
XO]X[P ) −→ Coh(j
log,†
X O]X[logP
) is an equivalence of
categories by [Be3, 2.1.4, 2.1.10]. Moreover, since P ′ −→ P (where P ′ is as in the
diagram (∗) before Lemma 5.8) is formally etale on a neighborhood of X , we have, for
any E ∈ Coh(j†XO]X[P ), the equality RϕX,∗ϕ
∗
XE = E by a special case of [C-T, 8.3.5].
Hence, for any F ∈ Coh(jlog,†X O]X[logP
), we have RϕX,∗F = ϕX,∗F . Since j
log,†
X is exact,
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we can conclude that the functor ϕX,∗ ◦ j
log,†
X is exact on Coh(O]X[log
P
). So, to prove that
the map j†X ◦ ϕX,∗ −→ ϕX,∗ ◦ j
log,†
X is isomorphic on Coh(O]X [log
P
), it suffices to check the
isomorphism
j†X ◦ ϕX,∗O]X[log
P
≃
−→ ϕX,∗ ◦ j
log,†
X O]X [log
P
.
It is true since the left hand side is calculated as
j†X ◦ ϕX,∗O]X[logP
= lim−→ V αV,∗OV = j
†
XO]X[P0
and the right hand side is calculated as
ϕX,∗ ◦ j
log,†
X O]X[logP
= ϕX,∗ϕ
∗
Xj
†
XO]X [P0
= j†XO]X[P0
.
So we are done. 
Definition 5.10. With the above notation, we define the functor j‡X : Mod(O]X[log
P
) −→
Mod(j†XO]X[P0
) by j‡X := j
†
X ◦ ϕX,∗.
Next let us consider the case where the closed immersion i : (X,MX) →֒ (P,MP) does
not necessarily admit a factorization (∗). Also in this case, we can define the functor
j‡X : Mod(O]X[logP
) −→ Mod(j†XO]X[P0
) by j‡X := j
†
X ◦ ϕX,∗. Then we have the following:
Proposition 5.11. With the above assumption, the functor j‡X sends coherent modules
to coherent modules and we have Rj‡XE = j
‡
XE for a coherent O]X[logP
-module E.
Proof. First, let us factorize the map ϕX :]X [
log
P −→]X[P0 as ]X [
log
P
ϕ′X−→]X[P
ϕ′′X−→]X [P0 . Then
there exists a strict neighborhood V0 of ]X [P0 in ]X [P0 such that ϕ
′′
X
−1(V0) is isomorphic
to V0 via ϕ
′′
X . Then we have
j‡X = lim−→ V αV ]X[P0,∗
α−1V V0α
−1
V0]X[P0
ϕ′′X,∗ϕ
′
X,∗
= lim−→ V αV ]X[P0,∗
α∗V V0(ϕ
′′
X |ϕ′′X
−1(V0)
)∗α
∗
ϕ′′
X
−1(V0)]X[P
ϕ′X,∗.
Moreover, ϕ′′X |ϕ′′X
−1(V0)
is an isomorphism, lim−→ V αV ]X[P0 ,∗
α−1V V0 is an exact functor sending
coherent modules to coherent modules and the same is true if we replace V0 by a smaller
strict neighborhood. So it suffices to prove that, for some strict neighborhood V of ]X [P
in ]X [P contained in ϕ
′′−1
X (V0), the functor α
−1
V ]X[P
ϕ′X,∗ sends coherent modules to coherent
modules and that α−1
V ]X[P
Rqϕ′X,∗E = 0 holds for any coherent O]X[logP
-module E and q ≥ 1.
Next, let us take a Cartesian diagram
(X
(•)
,M
X
(•))
i(•)
−−−→ (P(•),MP(•))y gy
(X,MX)
i
−−−→ (P,MP),
where g is a strict formally etale hypercovering such that each i(n) admits a factorization
like (∗) and that each P(n) is affine over P. Then g induces a morphism g˜ :]X
(•)
[log
P(•)
−→
58 ATSUSHI SHIHO
]X [logP . Then, for a coherent O]X[log
P
-module E, we have α−1
V ]X[P
Rqϕ′X,∗E = α
−1
V ]X[P
Rq(ϕ′X ◦
g˜)∗(g˜
∗E) (q ≥ 0) by Lemma 4.4. Let us consider the following factorization of ϕ′X ◦ g˜:
]X
(•)
[log
P(•)
γ(•)
−→]X
(•)
[P(•)
β(•)
−→]X [P .
Then we have α−1
V ]X[P
Rq(ϕ′X ◦ g˜)∗(g˜
∗E) = α−1
V ]X[P
Rq(β(•) ◦ γ(•))∗(g˜∗E) for q ≥ 0.
Let us fix q ≥ 0 and put q′ := max(2, q(q + 1)/2). By Lemma 5.8, there exist a strict
neighborhood V (n) of ]X(n)[P(n) in ]X
(n)
[P(n) (here X
(n) := X ×X X
(n)
) for each n ≤ q′
such that γ(n),−1(V (n)) is isomorphic to V (n) via γ(n). Since a standard strict neighborhood
of ]X(n)[P(n) in ]X
(n)
[P(n) is the inverse image of a standard strict neighborhood of ]X [P
in ]X [P , we can assume by shrinking V
(n) that β(n),−1(V ) = V (n) holds (for n ≤ q′) for
some strict neighborhood V of ]X [P in ]X [P . Then we put V
(•) := β(•),−1(V ), V˜ (•) :=
γ(•),−1(V (•)). (Then we have the isomorphism γ(n)|
V˜ (n)
: V˜ (n)
∼
−→ V (n) for n ≤ q′.)
If we put F (•) := α−1
V˜ (•)]X[logP
g˜∗E, we have α−1
V ]X[P
Rq(β(•) ◦ γ(•))∗(g˜∗E) = Rq((β(•)|V (•)) ◦
(γ(•)|
V˜ (•)
))∗F
(•).
Let us consider the morphism β(•)|V (•) : V
(•) −→ V : For any sufficiently small affinoid
admissible open set U := Spm (Q⊗ZA) →֒ V , the morphism V (•)×V U −→ U induced by
β(•)|V (•) is the one induced by some affine formally etale hypercovering of Spf A. So we
have the descent property and the cohomological descent property for coherent modules
for the morphism β|V (•) ([C-T, 7.3.3]). Since γ
(n)|
V˜ (n)
is an isomorphism for n ≤ q′,
{(γ(n)|
V˜ (n)
)∗F
(n)}n≤q′ forms a compatible family of coherent OV (n)-modules. So there
exists a coherent OV -module G and a homomorphism (β(•)|V (•))
∗G −→ (γ(•)|
V˜ (•)
)∗F
(•)
which is an isomorphism for • ≤ q′.
Since we have Rt(γ(u)|
V˜ (u)
)∗F
(u) = 0 for u ≤ q′ and t > 0, we have the equality
Rv(β(u)|V (u))∗R
t(γ(u)|
V˜ (u)
)∗F
(u) = 0 for u ≤ q′, v ≥ 0, t > 0. By the spectral sequence
Eu,v1 := R
v(β(u)|V (u))∗R
t(γ(u)|
V˜ (u)
)∗F
(u) =⇒ Ru+v(β(•)|V (•))∗R
t(γ(•)|
V˜ (•)
)∗F
(•),
we obtain the equality Rs(β(•)|V (•))∗R
t(γ(•)|
V˜ (•)
)∗F
(•) = 0 for s ≤ q′, t > 0. Then, by the
spectral sequence
Es,t2 := R
s(β(•)|V (•))∗R
t(γ(•)|
V˜ (•)
)∗F
(•) =⇒ Rs+t((β(•)|V (•)) ◦ (γ
(•)|
V˜ (•)
))∗F
(•),
we obtain the equality Rq((β(•)|V (•))◦(γ
(•)|
V˜ (•)
))∗F
(•) = Rq(β(•)|V (•))∗(γ
(•)|
V˜ (•)
)∗F
(•). Now
let us consider the commutative diagram
Eu,v1 := R
v(β(u)|V (u))∗(γ
(u)|
V˜ (u)
)∗F
(u)=⇒Ru+v(β(•)|V (•))∗(γ
(•)|
V˜ (•)
)∗F
(•)x x
Eu,v1 := R
v(β(u)|V (u))∗(β
(u)|V (u))
∗G =⇒ Ru+v(β(•)|V (•))∗(β
(•)|V (•))
∗G.
(5.9)
Since the left vertical arrow is an isomorphism for u ≤ q′, the morphism
Rq(β(•)|V (•))∗(β
(•)|V (•))
∗G −→ Rq(β(•)|V (•))∗(γ
(•)|
V˜ (•)
)∗F
(•)
induced by the right vertical arrow in (5.9) is an isomorphism and by the cohomological de-
scent property for β(•)|V (•), we have (β
(•)|V (•))∗(β
(•)|V (•))
∗G = G, Rq(β(•)|V (•))∗(β
(•)|V (•))
∗G
= 0 (q ≥ 1). So we have (β(•)|V (•))∗(γ
(•)|
V˜ (•)
)∗F
(•) = G and Rq(β(•)|V (•))∗(γ
(•)|
V˜ (•)
)∗F
(•)
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= 0 (q ≥ 1). These imply the equalities α−1
V ]X[P
(β(•) ◦ γ(•))∗(g˜∗E) = G, α
−1
V ]X[P
Rq(β(•) ◦
γ(•))∗(g˜
∗E) = 0 (q ≥ 1). So we are done. 
Now assume that we are given a diagram
(X,MX)
f
−→ (Y ,MY )
ι
→֒ (Y ,MY),(5.10)
where f is a morphism in (LS/B), (Y ,MY) is an object in (pLFS/B) and ι is a closed
immersion. Assume also that we are given open immersions X ⊆ X, Y ⊆ Y satisfying
X ⊆ (X,MX)triv, Y ⊆ (Y ,MY)triv and f(X) ⊆ Y .
Assume for the moment that the above diagram fits into the diagram
(X,MX)
i
−−−→ (P,MP)
f
y gy
(Y ,MY )
ι
−−−→ (Y ,MY),
(5.11)
where (P,MP) is a p-adic fine log formal B-scheme, g is a formally log smooth morphism
and i is a closed immersion satisfying X ⊆ (P,MP)triv. For n ∈ N, let (P(n),MP(n)) be
the (n+ 1)-fold fiber product of (P,MP) over (Y ,MY) and let P0(n) be the (n + 1)-fold
fiber product of P over Y . Then we have the exact functors
j‡X : Coh(O]X[log
P(n)
) −→ Coh(j†XO]X[P0(n)
)
which are compatible with pull-backs by the projections
pi : ]X[
log
P(1)−→ ]X[
log
P(0) (i = 1, 2), pij : ]X [
log
P(2)−→ ]X[
log
P(1) (1 ≤ i < j ≤ 3)
and the diagonal ∆ : ]X[logP(0) →֒]X [
log
P(1). So they naturally induce the functor
Iconv((X/Y)
log)
∼
−→ Str′′((X →֒ P/Y)log) −→ I†((X,X)/YK ,P) = I
†((X,X)/YK),
which we denote also by j‡X .
In the case where there does not necessarily exist the diagram (5.11), we can construct
the diagram
(X,MX)
h
←− (X
(•)
,M
X
(•))
i(•)
→֒ (P(•),MP(•)),
where h is a strict etale hypercovering, i(•) is a closed immersion over ι such that each
(P(n),MP(n)) is formally log smooth over (Y ,MY) and X
(•) ⊆ (P(•),MP(•))triv holds,
where X(•) := X ×X X
(•)
. If we denote the category of descent data with respect to
Iconv((X
(n)
/Y)log) (resp. I†((X(n), X
(n)
)/Y)) for n = 0, 1, 2 simply by ∆conv (resp. ∆†),
the functor j‡X in the previous paragraph naturally induces the functor ∆conv −→ ∆
†. So
we have the canonical functor
Iconv((X/Y)
log)
∼
−→ ∆conv −→ ∆
† ∼←− I†((X,X)/Y),
which we denote by j‡X . It is easy to check that the definition of the functor j
‡
X is
independent of any choice which we have made.
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Remark 5.12. Let the situation be as above and let E be an object in Iconv((X/Y)log).
Then, associated to E , we have a coherent O
]X
(•)
[log
P(•)
-module E (•) with integrable log
connection
∇ : E (•) −→ E (•) ⊗O
]X
(•)
[
log
P(•)
ω1
]X
(•)
[log
P(•)
/YK
.
On the other hand, associated to j‡XE , we have a coherent j
†
XO]X(•)[
P(•)
-module with
integrable connection of the form
∇′ : j‡XE
(•) −→ j‡XE
(•) ⊗j†XO]X(•)[
P(•)
j†XΩ
1
]X
(•)
[
P(•)
/YK
.
By construction of the functor j‡X , we can see that j
‡
X(∇) = ∇
′ holds. So we have the
canonical isomorphism of de Rham complexes j‡XDR(]X
(•)
[log
P(•)
/YK , E) = DR
†(]X [P/YK,
j‡XE). Note that, since each term of DR(]X
(•)
[log
P(•)
/YK , E) is coherent, we have the quasi-
isomorphism j‡XDR(]X
(•)
[log
P(•)
/YK , E) = Rj
‡
XDR(]X
(•)
[log
P(•)
/YK, E) by Proposition 5.11.
Now we prove our first main result in this section:
Theorem 5.13. Assume we are given a diagram
(X,MX)
f
−→ (Y ,MY )
ι
→֒ (Y ,MY)(5.12)
and open immersions jX : X →֒ X, jY : Y →֒ Y satisfying X ⊆ (X,MX)triv, Y ⊆
(Y ,MY)triv and f
−1(Y ) = X, where f is a proper log smooth integral morphism in (LS/B)
having log smooth parameter and ι is a closed immersion in (pLFS/B). Then, for a locally
free isocrystal E on (X/Y)logconv and q ≥ 0, we have the isomorphism
j‡YR
qfX/Y ,an∗E = R
qf(X,X)/Y ,rig∗j
‡
XE
of j†YO]Y [Y -modules. In particular, R
qf(X,X)/Y ,rig∗j
‡
XE is a coherent j
†
YO]Y [Y -module.
Proof. First we construct the map j‡YR
qfX/Y ,an∗E −→ R
qf(X,X)/Y ,rig∗j
‡
XE . Let us take an
embedding system
(X,MX)←− (X
(•)
,M
X
(•)) →֒ (P(•),MP(•))
satisfying X(•) ⊆ (P(•),MP(•))triv, where X
(•) := X ×X X
(•)
. Then we have the diagram
of rigid analytic spaces
]X
(•)
[log
P(•)
hlog
−−−→ ]Y [logYy y
]X
(•)
[P(•)
h
−−−→ ]Y [Y .
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Then we have
(♠) Rj‡YRfX/Y ,an∗E = Rj
‡
YRh
log
∗ DR(]X
(•)
[log
P(•)
/YK , E)
−→ Rh∗Rj
‡
XDR(]X
(•)
[log
P(•)
/YK , E) (induced by j
‡
Y ◦ h
log
∗ → h∗ ◦ j
‡
X)
∼
←− Rh∗j
‡
XDR(]X
(•)
[log
P(•)
/YK , E) (Remark 5.12)
= Rh∗DR
†(]X
(•)
[P(•)/YK , j
‡
XE) (Remark 5.12)
= Rf(X,X)/Y ,rig∗j
‡
XE ,
and by taking the q-th cohomology sheaf of the above map, we obtain the map
j‡YR
qfX/Y ,an∗E −→ R
qf(X,X)/Y ,rig∗j
‡
XE .(5.13)
(We have Hq(Rj‡YRfX/Y ,an∗E) = j
‡
YR
qfX/Y ,an∗E by Corollary 4.7 and Proposition 5.11.)
We will prove that the map (5.13) is an isomorphism.
Let us take a strict formally etale hypercovering ǫ : (Y 〈•〉,MY〈•〉) −→ (Y ,MY) such
that, if we put (Y 〈•〉,MY 〈•〉) := (Y,MY ) ×(Y ,MY) (Y
〈•〉,MY〈•〉), the closed immersion
(Y
〈m〉
,M
Y
〈m〉) →֒ (Y 〈m〉,MY〈m〉) admits a factorization
(Y
〈m〉
,M
Y
〈m〉) →֒ (Y ′
〈m〉
,MY ′〈m〉) −→ (Y
〈m〉,MY〈m〉)
for each m, where the first map is an exact closed immersion and the second map is
formally log etale. Then, since RqfX/Y ,an∗E is coherent, we have Rǫ∗ǫ
∗j‡YR
qfX/Y ,an∗E
= ǫ∗ǫ
∗j‡YR
qfX/Y ,an∗E = j
‡
YR
qfX/Y ,an∗E by [C-T, 7.3.3], where we denoted the morphism
]Y
〈•〉
[Y〈•〉−→]Y [Y also by ǫ. Moreover, we have the equality of functors j
‡
Y 〈•〉
ǫ∗ = ǫ∗j‡Y for
coherent modules and the base change isomorphism ǫ∗RqfX/Y ,an∗E = R
qf
X
〈•〉
/Y〈•〉,an∗
E 〈•〉,
where E 〈•〉 is the restriction of E to X
〈•〉
/Y 〈•〉. (This follows from the analytically flat base
change theorem, Theorem 4.6, Remark 4.2 and Lemma 2.16.) So we have the isomorphism
ǫ∗j
‡
Y 〈•〉
Rqf
X
〈•〉
/Y〈•〉,an∗
E 〈•〉 = j‡YR
qfX/Y ,an∗E .(5.14)
On the other hand, let
(P(•)〈•〉,MP(•)〈•〉) ←֓ (X
(•)〈•〉
,M
X
(•)〈•〉) −→ (X
〈•〉
,M
X
〈•〉) −→ (Y
〈•〉
,M
Y
〈•〉) →֒ (Y〈•〉,MY〈•〉)
be the pull-back of the diagram
(P(•),MP(•)) ←֓ (X
(•)
,M
X
(•)) −→ (X,MX) −→ (Y ,MY ) →֒ (Y ,MY)
by ǫ and denote the induced morphisms
]X
(•)〈•〉
[P(•)〈•〉−→]Y [Y , ]X
(•)〈•〉
[P(•)〈•〉−→]Y
〈•〉
[Y〈•〉
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by h˜, h˘, respectively. Then we have
Rf(X,X)/Y ,rig∗j
‡
XE = Rh∗DR
†(]X
(•)
[P(•)/YK , j
‡
XE)
= Rh˜∗DR
†(]X
(•)〈•〉
[P(•)〈•〉/YK , j
‡
XE) ([C-T, 7.3.3, 9.1.1])
= Rh˜∗DR
†(]X
(•)〈•〉
[P(•)〈•〉/Y
〈•〉
K , j
‡
XE
〈•〉)
= Rǫ∗Rh˘∗DR
†(]X
(•)〈•〉
[P(•)〈•〉/Y
〈•〉
K , j
‡
XE
〈•〉)
= Rǫ∗Rf(X〈•〉,X〈•〉)/Y〈•〉,rig∗j
‡
XE
〈•〉.
Then, if we have the isomorphism
j‡
Y 〈•〉
Rqf
X
〈•〉
/Y〈•〉,an∗
E
∼=−→ Rqf
(X〈•〉,X
〈•〉
)/Y〈•〉,rig∗
j‡XE (q ≥ 0),(5.15)
we have
Rsǫ∗R
qf
(X〈•〉,X
〈•〉
)/Y〈•〉,rig∗
j‡XE = R
sǫ∗j
‡
Y 〈•〉
Rqf
X
〈•〉
/Y〈•〉,an∗
E = Rsǫ∗ǫ
∗j‡YR
qfX/Y ,an∗E = 0
for s > 0. Hence we have
Rqf(X,X)/Y ,rig∗j
‡
XE = ǫ∗R
qf
(X〈•〉,X
〈•〉
)/Y〈•〉,rig∗
j‡XE
∼= ǫ∗j
‡
Y 〈•〉
Rqf
X
〈•〉
/Y〈•〉,an∗
E = j‡YR
qfX/Y ,an∗E .
So the theorem is reduced to the isomorphism (5.15). To prove the isomorphism (5.15), we
may replace • by m ∈ N. So, to prove the theorem, we may replace (Y,MY ) →֒ (Y ,MY)
by (Y 〈m〉,MY 〈m〉) →֒ (Y
〈m〉,MY〈m〉), that is, we may assume that (Y,MY ) →֒ (Y ,MY)
admits a factorization
(Y,MY ) →֒ (Y
′,MY ′) −→ (Y ,MY),
where the first map is an exact closed immersion and the second map is formally log etale.
Next, let us put (P ′(•),MP ′(•)) := (P
(•),MP(•)) ×(Y ,MY) (Y
′,MY ′). Then the second
projection (P ′(•),MP ′(•)) −→ (Y
′,MY ′) and the map (Y
′,MY ′) −→ (Y ,MY) induce the
diagram
]X
(•)
[log
P ′(•)
h′log
−−−→ ]Y [logY ′
γlog
−−−→ ]Y [logYy ϕ′Y y ϕY y
]X
(•)
[P ′(•)
h′
−−−→ ]Y [Y ′
γ
−−−→ ]Y [Y
and by definition of log tubular neighborhood, γlog, ϕ′Y are isomorphisms. (Hence we have
γ = ϕY .) Then we have the following isomorphisms:
j‡YR
qfX/Y ,an∗E = j
‡
Y γ
log
∗ R
qh′
log
∗ DR(]X
(•)
[log
P ′(•)
/YK , E) (∗)
= j‡Y γ
log
∗ R
qh′
log
∗ DR(]X
(•)
[log
P ′(•)
/Y ′K , E) (∗∗)
= γ∗j
‡
YR
qh′
log
∗ DR(]X
(•)
[log
P ′(•)
/Y ′K, E) (∗ ∗ ∗)
= γ∗j
‡
YR
qfX/Y ′,an∗E ,
where (∗), (∗∗), (∗ ∗ ∗) are isomorphisms by the following reasons: (∗) is an isomorphism
since we can calculate the log analytic cohomology by using the formally log smooth
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morphism (P ′(•),MP ′(•)) −→ (Y ,MY). (∗∗) is an isomorphism because (Y
′,MY ′) −→
(Y ,MY) is formally log etale. (∗ ∗ ∗) is an isomorphism because we have
j‡Y ◦ γ
log
∗ = ϕY,∗ ◦ j
†,log
Y ◦ γ
log
∗ = γ∗ ◦ j
†
Y ◦ ϕ
′
Y,∗ = γ∗ ◦ j
‡
Y
for coherent modules by Lemma 5.9. On the other hand, we have
Rf(X,X)/Y ,rig∗j
‡
XE = Rγ∗Rh
′
∗DR
†(]X
(•)
[P ′(•)/YK , j
‡
XE)
= Rγ∗Rh
′
∗DR
†(]X
(•)
[P ′(•)/Y
′
K , j
‡
XE)
= Rγ∗Rf(X,X)/Y ′,rig∗j
‡
XE
because we can calculate the relative rigid cohomology by using P ′(•) −→ Y and Y ′ −→ Y
is formally etale on a neighborhood of Y . So, if we have the isomorphism
j‡YR
qfX/Y ′,an∗E
∼=−→ Rqf(X,X)/Y ′,rig∗j
‡
XE ,(5.16)
we have Rsγ∗R
qf(X,X)/Y ′,rig∗j
‡
XE = 0 for s > 0 (which follows from [C-T, 8.3.5] and the
fact that γ∗ : Coh(j†YO]Y [Y ) −→ Coh(j
†
YO]Y [Y′ ) is an equivalence of categories) and so we
have
Rqf(X,X)/Y ,rig∗j
‡
XE = γ∗R
qf(X,X)/Y ′,rig∗j
‡
XE
∼= γ∗j
‡
YR
qfX/Y ′,an∗E = j
‡
YR
qfX/Y ,an∗E .
So the theorem is reduced to the isomorphism (5.16). Hence, to prove the theorem, we
may assume that the map (Y ,MY ) →֒ (Y ,MY) is an exact closed immersion.
Next, let {(Ym,MYm)}m be the system of universal enlargements of (Y ,MY ) →֒ (Y ,MY)
and let
(Xm,MXm) −→ (Y m,MYm) →֒ (Ym,MYm)
be the pull-back of the diagram (5.12) by (Ym,MYm) −→ (Y ,MY) and put Xm := X ×X
Xm. Then we have the admissible covering ]Y [Y=
⋃
m Ym,K and it is easy to see that the
restriction of j‡YR
qfX/Y ,an∗E (resp. R
qf(X,X)/Y ,rig∗j
‡
XE) to Ym,K is naturally isomorphic to
j‡YR
qfXm/Ym,an∗E (resp. R
qf(Xm,Xm)/Ym,rig∗j
‡
XE). So, we may replace (Y ,MY ) →֒ (Y ,MY)
by (Y m,MYm) →֒ (Ym,MYm) to prove the theorem: So we can reduce to the case where
(Y ,MY ) →֒ (Y ,MY) is a homeomorphic exact closed immersion.
Now we prove that the map (5.13) is an isomorphism under the assumption that
(Y ,MY ) →֒ (Y ,MY) is a homeomorphic exact closed immersion. To show this, it suf-
fices to prove that the map
Rj‡YRh
log
∗ DR(]X
(•)
[log
P(•)
/YK, E) −→ Rh∗Rj
‡
XDR(]X
(•)
[log
P(•)
/YK , E)(5.17)
in (♠) is a quasi-isomorphism. We may replace • by m ∈ N and by taking a Zariski
covering of P(m) (and the induced covering of X
(m)
), we may reduce to the case where
X
(m)
is affine. Then there exists a formally log smooth morphism (Q,MQ) −→ (Y ,MY)
with (Q,MQ)×(Y ,MY) (Y ,MY ) = (X
(m)
,M
X
(m)). Then, the both hand sides and the map
in (5.17) (with • = m) are unchanged in derived category if we replace (P(m),MP(m)) by
(Q,MQ). So we can reduce to the case that the morphism (P(m),MP(m)) −→ (Y ,MY)
satisfies the equality (P(m),MP(m)) ×(Y ,MY ) (Y ,MY ) = (X
(m)
,M
X
(m)). In this case, we
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can easily see that the map (5.17) (with • = m) is an isomorphism, because we can see
the equality of functors j‡Y ◦ h
log
∗
=
−→ h∗ ◦ j
‡
X in this case, by the quasi-compactness and
quasi-separatedness of the morphism ]X [P(m)= P
(m)
K −→ YK =]Y [Y . So we have finished
the proof of the theorem. 
Now let us take a triple of the form (S, S,S) and assume that we are given a diagram
(X,MX)
f
−→ (Y ,MY )
g
−→ S
and open immersions jX : X →֒ X, jY : Y →֒ Y with X ⊆ (X,MX)triv, Y ⊆ (Y ,MY )triv
and f−1(Y ) = X , where f is a proper log smooth integral morphism in (LS/B) having
log smooth parameter and g is a morphism in (LS/B). Let E be a locally free isocrystal
on (X/S)logconv. Then we have the following theorem, which is the second main result in
this section.
Theorem 5.14. Let the notation be as above. Then, for any q ∈ N, there exists uniquely
an overconvergent isocrystal F on (Y, Y )/SK satisfying the following condition: For any
strict morphism (Z,MZ) −→ (Y ,MY ), open immersion Z →֒ Z with Z ⊆ Y ×Y Z and
a closed immersion (Z,MZ) →֒ (Z,MZ) into a p-adic fine log formal B-scheme (Z,MZ)
formally log smooth over S satisfying Z ⊆ (Z,MZ)triv, the restriction of F to the category
I†((Z,Z)/S,Z) is given functorially by (Rqf(X×Y Z,X×Y Z)/Z,rig∗
j‡XE , ǫ), where ǫ is given by
p∗2R
qf(X×Y Z,X×Y Z)/Z,rig∗
j‡XE
∼
→ Rqf(X×Y Z,X×Y Z)/Z×SZ,rig∗
j‡XE
∼
← p∗1R
qf(X×Y Z,X×Y Z)/Z,rig∗
j‡XE .
(Here pi (i = 1, 2) denotes the i-th projection ]Z[Z×SZ−→]Z[Z .)
Proof. By Corollary 4.10, there exists an isocrystal F˜ on (Y /S)logconv such that, for the
closed immersion (Z,MZ) →֒ (Z,MZ) as above, F˜ induces via the functor
Iconv((Y/S)
log) −→ Iconv((Z/S)
log) ≃ Str′′((Z →֒ Z/S)log)
the object (RqfX×
Y
Z/Z,an∗E , ǫ˜), where ǫ˜ is the canonical isomorphism
p∗2R
qfX×
Y
Z/Z,an∗E
∼
→ RqfX×
Y
Z/Z×SZ,an∗
E
∼
← p∗1R
qfX×
Y
Z/Z,an∗E .
(Here pi denotes the i-th projection ]Z[
log
Z×SZ
−→]Z[logZ .) Then, by Theorem 5.13, one can
see that the overconvergent isocrystal F := j‡Y F˜ is the one which satisfies the condition
of the theorem.
We prove the uniqueness of F . Take an embedding system
(Y ,MY )←− (Y
(•)
,M
Y
(•)) →֒ (Y (•),MY(•))(5.18)
satisfying Y (•) ⊆ (Y (•),MY(•))triv, where Y
(•) := Y ×Y Y
(•)
. Let us denote the category of
descent data with respect to I†((Y (n), Y
(n)
)/SK ,Y (n)) (n = 0, 1, 2) by I†((Y (•), Y
(•)
)/SK ,
Y (•)). Then, by the condition required for F in the case where Z, (Z,MZ), (Z,MZ) are
equal to Y (n), (Y
(n)
,M
Y
(n)), (Y (n),MY(n)) respectively (for n = 0, 1, 2), the restriction of
F by the functor
I†((Y, Y )/SK) −→ I
†((Y (•), Y
(•)
)/SK ,Y
(•))(5.19)
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is uniquely determined. Since the functor (5.19) is an equivalence of categories by Propo-
sition 5.1, we have the uniqueness of F . So the proof of the theorem is finished. 
Corollary 5.15. Let (X,X)
f
−→ (Y, Y )
g
−→ (S, S) be the morphism of pairs induced by
the situation in Theorem 5.14 and let E be as in Theorem 5.14. Then Conjecture 5.5 (the
version without Frobenius structure) is true for the overconvergent isocrystal j‡XE .
Proof. Let us take a diagram
(Y ,MY )
g(0)
←− (Y
(0)
,M
Y
(0))
i(0)
→֒ (Y (0),MY(0)),(5.20)
where g(0) is a strict etale surjective morphism, i(0) is a closed immersion in (pLFS/B) with
Y (0) ⊆ (Y (0),MY(0))triv (where Y
(0) := Y ×Y Y
(0)
), (Y (0),MY(0)) is formally log smooth
over S and Y (0) is formally smooth over S. Using this diagram, we define the category C
as the category of triples (Z,Z,Z) over (Y (0), Y
(0)
,Y (0)) such that Z is formally smooth
over Y (0).
Let us take an object (Z,Z,Z) in C and letMZ ,MZ be the log structure on Z,Z defined
as the pull-back of M
Y
(0) ,MY(0), respectively. Then the open immersion Z →֒ Z and the
closed immersion (Z,MZ) →֒ (Z,MZ) satisfies the condition required in the statement of
Theorem 5.14. So, by Theorem 5.14, the restriction of the overconvergent isocrystal F by
I†((Y, Y )/SK) −→ I†((Z,Z)/SK ,Z) is given by (Rqf(X×Y Z,X×Y Z)/Z,rig∗
j‡XE , ǫ) as in the
statement of Theorem 5.14. Moreover, if we define (Y
(n)
,M
Y
(n)) (resp. (Y (n),M
Y
(n))) to
be the (n+1)-fold fiber product of (Y
(0)
,M
Y
(0)) (resp. (Y (0),M
Y
(0))) over (Y ,MY ) (resp.
S) and if we put Y (n) := Y ×Y Y
(n)
, we have the embedding system (5.18) and the triple
(Y (n), Y
(n)
,Y (n)) is contained in the category C. From these facts, we can deduce the
uniqueness of the overconvergent isocrystal F in the same way as the proof of Theorem
5.14. So we are done. 
Finally, we give a result on Frobenius structure on the overconvergent isocrystal which
is constructed in Theorem 5.14.
In the following, let us assume that k is perfect and that (B,MB) is the formal scheme
SpfW endowed with trivial log structure. (So (B,MB) := (B,MB) ⊗Zp Fp is the scheme
Spec k endowed with trivial log sturucture.) Let V be a finite totally ramified extension
of W , let π be a uniformizer of V and put S := Spf V , S := Spec V/πV = B.
Let us fix an integer q which is a power of p. For a fine log scheme (X,MX) over Fp, let
FX be the q-th power Frobenius (the endomorphism (X,MX) −→ (X,MX) induced by the
q-th power endomorphism of the structure sheaf). Assume that we have an endomorphism
σ : S −→ S which lifts FS : S −→ S and fix it. Then, if we have a pair (X,X) over
(S, S), we have the canonical functor
F ∗X : Iconv((X/S)
log) −→ Iconv((X/S)
log)
induced by the morphisms FX and σ. An overconvergent F -isocrystal on (X,X)/SK is
defined to be a pair (G, α), where G is an overconvergent isocrystal on (X,X)/SK and α
is an isomorphism F ∗XG
∼
−→ G. α is called a Frobenius structure on G.
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Now assume that we are given a diagram
(X,MX)
f
−→ (Y ,MY )
g
−→ S
and open immersions jX : X →֒ X, jY : Y →֒ Y with X ⊆ (X,MX)triv, Y ⊆ (Y ,MY )triv
and f−1(Y ) = X , where f is a proper log smooth integral morphism in (LS/B) having
log smooth parameter and g is a morphism in (LS/B). Let E be a locally free isocrystal
on (X/S)logconv such that j
‡E (which is an overconvergent isocrystal on (X,X)/SK) admits
a Frobenius structure α : F ∗Xj
‡
XE
≃
−→ j‡XE . By Corollary 5.15, we have the q-th rigid
cohomology overconvergent isocrystal F of j‡XE , which is an overconvergent isocrystal on
(Y, Y )/SK . Then we have the following theorem:
Theorem 5.16. With the above notation, there exists the canonical Frobenius structure
on F which is induced by the Frobenius structure α on j‡XE .
Proof. Let us take a diagram
(Y ,MY )
g(0)
←− (Y
(0)
,M
Y
(0))
i(0)
→֒ (Y (0),MY(0))
as in the proof of Corollary 5.15 endowed with the endomorphism σY(0) : (Y
(0),MY(0)) −→
(Y (0),MY(0)) which is compatible with FY (0) and σ, and let us define the category C˜ as
the category of triples (Z,Z,Z) in C endowed with an endomorphism σZ : Z −→ Z
compatible with FZ , σ and σY(0) . For (Z,Z,Z, σZ) in C˜, let FZ be the restriction of
F to I†((Z,Z)/SK ,Z). Then it suffices to introduce a Frobenius structure on FZ in
functorial way: Indeed, if we define (Y
(n)
,M
Y
(n)), (Y (n),M
Y
(n)), Y (n) as in the proof of
Corollary 5.15 and if we define σY(n) : (Y
(n),M
Y
(n)) −→ (Y (n),M
Y
(n)) as the morphism
induced by σY(0) , we have the embedding system (5.18) endowed with σY(•) and we have
(Y (n), Y
(n)
,Y (n), σY(n)) ∈ C˜. So we can define the Frobenius structure on the restriction
of F by the equivalence of categories (5.19).
So let us take (Z,Z,Z, σZ) in C˜ and rewrite Z×YX,Z×YX,Z, Z,Z, σZ asX,X, Y, Y ,Y ,
σY , respectively. Then we are in the situation where there exists a closed immersion
(Y ,MY ) →֒ (Y ,MY) into a fine log formal B-scheme (Y ,MY) formally log smooth over
S with Y ⊆ (Y ,MY)triv, endowed with an endomorphism σY : (Y ,MY) −→ (Y ,MY)
compatible with FY and σ. In this situation, we have the canonical homomorphism of
j†YO]Y [Y -modules
σ∗YR
qf(X,X)/Y ,rig∗j
‡
XE
F ∗
−→ Rqf(X,X)/Y ,rig∗F
∗
Xj
‡
XE
α
−→ Rqf(X,X)/Yrig∗j
‡
XE
(5.21)
(where F ∗ is induced by F ∗X and σY) and it suffices to prove that this homomorphism is
an isomorphism.
We prove the above claim, following partly [Ts2, 3.3.3, 4.1.4]. By using the faithfulness
of the restriction functor Coh(j†YO]Y [Y ) −→ Coh(O]Y [Y ), we can reduce to the case Y = Y
(and X = X, j‡XE = E) to prove the claim. Moreover, by using [Bo-Gu-Re, 9.4.7], we
may reduce to the case where Y =: y is a closed point. Let k′ be a finite Galois extension
of k containing the function field of y, let S ′ := Spec k′,S ′ := Spf V ′ (where V ′ is the
unramified extension of V with residue field k′) and let us denote the base change of the
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diagram X
f
−→ y
ι
→֒ Y by S ′ −→ S by X ′
f
−→ y′
ι
→֒ Y ′. Then, since S ′ −→ S is finite
etale, we may replace X, y,Y , S,S by X ′, y′,Y ′, S ′,S ′ to prove the claim. Since y′ is a
disjoint union of finite number of the schemes isomorphic to S ′, we may assume that the
function field of y is equal to k to prove the claim (for X −→ y →֒ Y). Then we can form
the following diagram:
X
f
−−−→ y
ι
−−−→ Y∥∥∥∥ ∥∥∥∥ y
X
f
−−−→ y −−−→ S,
where the lower right horiozontal arrow is the closed immersion induced by the surjection
V −→ k. Then, by the analytically flat base change theorem, it suffices to prove the
claim for the lower horizontal line in the above diagram, that is, we may assume Y = S.
In this case, the homomorphism (5.21) is nothing but the homomorphism of convergent
cohomologies
Hq((X/S)conv, E)
F ∗
−→ Hq((X/S)conv, F
∗
XE)
α
∼= Hq((X/S)conv, E)(5.22)
induced by (E , α). Moreover, by [Ts1, 5.1], we have the direct image functor τ∗ :
Iconv(X/S) −→ Iconv(X/B) which sends convergent F -isocrystals (E , α) on (X/S)conv
to convergent F -isocrystals (τ∗E , τ∗α) on (X/B)conv, and the homomorphism (5.22) is
rewritten as
Hq((X/B)conv, τ∗E)
F ∗
−→ Hq((X/B)conv, F
∗
Xτ∗E)
τ∗α∼= Hq((X/B)conv, E).
So we are reduced to the case S = B. In this case, the homomorphism (5.22) is identical
with the following homomorphism of crystalline cohomologies
Hq((X/B)crys,Φ(E))
F ∗
−→ Hq((X/B)crys, F
∗Φ(E))
α
∼= Hq((X/B)crys,Φ(E)).
(5.23)
So we are reduced to showing that the first map in the diagram (5.23) is an isomorphism.
To prove this assertion, we may reduce to the case q = p. Denote the fiber product
B ×FB ,B X by X
′ and factorize the Frobenius map FX : X −→ X as X
FX/B
−→ X ′
pr
−→ X ,
where FX/B is relative Frobenius and pr is the projection. Then, if we denote pr
∗Φ(E) by
E ′, the first map in (5.23) factors as
Hq((X/B)crys,Φ(E))
pr∗
−→ Hq((X ′/B)crys, E
′)
F ∗
X/B
−→ Hq((X/B)crys, F
∗
X/BE
′).
(5.24)
The first map in (5.24) is an isomorphism by base change theorem (Theorem 1.19). So it
suffices to prove that the second map is an isomorphism. In this case, note that E ′ has
the form E ′ = Q ⊗ F , where F is a p-torsion free crystal on (X/B)crys in the sense in
[O4, 5.1]. (It follows from the fact that L′′ in Lemma 1.23 is p-torsion free. See also [O2,
0.7.5].) So the triple (F , F ∗X/BF , id : F
∗
X/BF → F
∗
X/BF) forms an F -span on X/B in the
sense in [O4, 5.2.1]. Moreover, by [O4, 5.2.9], this triple is automatically an admissible
F -span, because we have RX/B = 0 in the notation there since the log structures on X,B
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are trivial. Then, by [O4, 7.3.1], we can conclude that the second map in (5.24) is an
isomorphism. So we have finished the proof of the theorem. 
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